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PREFACE. 



Since the period at which the study of the 
Difierential Calculus in its modern form has 
been cultivated in England, so numerous have 
been the treatises designed for the purposes of 
instruction in that calculus, that the appear- 
ance of a new work on the subject may be 
thought to need explanation. 

The following short treatise, then, has been 
compiled with a special reference to the circum- 
stances under which mathematical studies are at 
present prosecuted in Oxford. And it is hoped 
that the academical student will find it better 
adapted to his immediate wants and objects 
than the existing larger treatises, which, though 
most valuable sources of information on the 
higher parts of the calculus, and of illustration 
for all parts of it, are neither always sufficiently 
satisfactory in their exposition of the first prin- 
ciples, nor in their general design altogether 
well adapted to the purposes of elementary in- 
struction. 

a2 



iv PREFACE. 

In the present Compendium it has been 
the author's object to compress into the small- 
est compass, consistent with the full explana- 
tion of every process, an account of the most 
essential principles of the science. He has li- 
mited the extent of his selection to those parts 
which are at once of the most general and use- 
ful application, and of a nature suited to the 
earlier stages of a student's progress. In the 
Integral Calculus especially, he has carried the 
investigation only so far as to convey a general 
notion of its nature, and to supply what is re- 
quisite for its application to those subjects 
which usually form a part of an elementary 
course. 

Throughout the whole, the author's attention 
has been exclusively directed to the elucidation 
of the fundamental principles of the science, 
rather than to the details of its applications: 
since it appears to him that it is in the former 
particular that most of the' existing treatises 
are deficient, while in the latter they are re- 
dundant. 

For a supply of examples, illustrations, and 
applications, the student is therefore presumed 



PREFACE. V 

to have constantly at hand the valuable ^ Col- 
" lection of Examples on the Differential Cal- 
" cuius,'' by Mr. Peacock ; and for more general 
viev^s of the science, and the discussion of its 
more abstruse departments, he is referred to 
the treatises of Lacroix, Boucharlat, Lardner, 
Jephson, and Hind, from which the fuUest in- 
formation may be derived. To these works par- 
ticular references are given through all parts of 
the following Treatise. 

For his materials the author makes no claim 
to originality, but acknowledges himself largely 
indebted to the treatises of Boucharlat and La- 
croix. He is aware that the omission of ex- 
amples may by many be regarded as a great de- 
fect. But should the present little work be 
favourably deceived, he hopes at a future period 
in some measure to remedy this defect by offer- 
ing a collection of the applications of the cal- 
culus to the geometry of curves, with a view to 
the completion of his former introductory Trea- 
tise on the Elements of Curves. 
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PART I. 



THE PRINCIPLES 



OF THE 



DIFFERENTIAL CALCULUS. 



B 



THE PRINCIPLES 



OF THE 



DIFFERENTIAL CALCULUS, 



Preliminary notions ^ and first principles of 

Differentiation. 

1 HE first principles of the science which has been 
named the Fluxional or Differential Calculus are 
grounded upon a doctrine which^ though it is oftad 
regarded as involving abstruse considerations, is yet in 
reality only an application of a simple algebraical truth, 
which we will proceed to demonstrate in the following 
manner : 

From the nature of ratios, if we have 



we have also 



^ ^ ^ 
o y 






b^y 

Now let a: =r a and y = b ; the first proportion is ob- 
viously preserved; and we also have in the second 
equation^ 



in which value p is any finite quantity. 

Obs. Thus if we obtain any expression which under 
particular conditions has both its numerator and deno- 
tninator reduced to at the same time, it is by no 
means to be imagined that the expression becomes nu- 
gatory or useless : it may have any finite value : and 

B 2 



4 FIRST PRINCIPLES. 

we shall afterwards find the means of assigning such 
values in particular cases, and shall have abundant 
proof of their utility. 

This expression j9, which is the value of the ratio 
when the numerator and denominator are both oi^o- 
lutely = 0, is evidently the limit towards which the va- 
lue of the ratio approaches, when its terms are indefi- 
nitely diminished. 

Def. If any algebraic expression be given involving 
a quantity, supposed variable, in any of its powers, or 
combined by any operation with other quantities sup- 
posed constant, that expression has its changes of value 
solely dependent upon the value given to the variable; 
it is called ^function of the variable, and is usually ex- 
pressed by the following, or some similar notation ; 

wherey*is not a coefficient, but the symbol of a function. 

A function may evidently be of such a nature as 
either to vanish when the variable vanishes, or not. 

Let the variable x receive an increment h ; then the 
value which the function y assumes when x becomes 
x-^hy bears a certain ratio to its former value depend- 
ent upon the particular form of the function. 

Let these successive values be written. 

Their difference, or 

is the increment of the Junction corresponding to the 
increment h of the variable x. 

Suppose we can obtainj^ (ar-f A) in such a form that 
we have the ratio of the increment of the fun^ition to 
that of the variable^ in terms which do not vanish 
when h vanishes^ 



FIRST PRINCIPLES. 



or ^^ , ^ ^ m^ 

b 



where m is any quantity which does not vanish with h. 

When A = let m become .=J9; but in this case 
y,-y = Oalso; 

We have therefore the ratio of the increments re- 
duced to the expression 



This is evidently the limit to which the ratio ap- 
proaches when the increments are indefinitely dimin- 
ished. 

The quantity j9, obtained for any particular function^ 
is termed the differential coefficient : and is expressed 
by the notation 

dy 

Where d does not stand for a coeflScient, but the 
symbol of an operation ; implying that we have taken 
the limit of the ratio of the increment of the Junction 
to that of the variable. 

The terms of this fraction are respectively called the 
differentials of y and of x. 

If we had originally supposed x decrea^ing^ or had 
taken a: — A, we should have had the differential coeflS- 
cient = — j9. 

To find the form of the quantity j9, which will ob- 
viously be different according to the form of the given 
function, is the primary object of the Differei^tiaL Cal- 
culus: the process is called differentiation, and is in 
most cases very easily effected. 

Before proceeding to the consideration of those par- 
ticular cases^ we will first observe in gieneral, that, 

♦ 



6 FIRST PRINCIPLES. 

In the case of any function which can he different 
tiatedf if when A = we have 

When h is finite^ we have already seen that the value 
of p becomes = m. Let this value m =ip -f Ar, Ar being 
either = or a function of h which vanishes with h. 
Thus every Junction which can he differentiated must 
he capahle ofheing expressed in the form 

y^=:y+ph + kh .... (1) 
Also since in the differential coefficient, the differ- 
ential of the Junction is that term with whose form we 
are concerned, the result is usually expressed with re- 

ference to it, 

dy=zpdx. • 



DIFFERENTIATION OF ALGEBRAIC FUNC 

TIONS. 

Let us take the very simple function y = ax. 

Here y, = «a? -f ah. 

Whence ^^T"^ = ^. 
h 

And when h=zO, this becomes 

dx 
OTydy=za. dx^ 
that is d . ax=^a. dx . . . . (2) 

Next let the function be 

y:=a-^x. 
Here y, = a -f a? -f A 

and y^ziy^i 

» h 
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DIFFERENTIATION. 7 

And when A = 0, 

^ dx ^ 
or dy = dx ; 

that is, rf (a + ar) = rfar (3) 

Thus we may observe, a constant united hy addi- 
turn {or subtraction) disappears, but united by multi- 
plication is retained, in the differentiation. 

To find the differential of a sum of several functions. 
Let V y z, &c. be functions of x which can be differ- 
entiated separately, and let 

dv _ dy ^ dz _ » 
dx dx^ dx^ 
these must have been derived ffom the forms 

t?j = t? +ph -H kh 
y^ = yjtqh + lh 
«3 = « -f rA + mh, &c. 
Adding these together 

Whence we have 

but since h,l,m, vanish with A, when A = 0, this becomes 

_^dv dy dz 
dx dx dx* 
or, suppressing the common denominator, 

d (v + y-\-z)=zdv + dy-^dz . . . . (4) 

Upon the same principle we may find the differen- 
tial of a product of two or more functions. 

Taking the expressions for y, «, and multiplying 
them together, we have 

B 4 




8 DIFFERENTIATION 

+ r* [y + &c. ] s 
-^mh [y + &c.] J 

Whence, transposing, and dividing by h 

+ \rq -h &c.3^ 

which, when A = 0, becomes 
dy% 

or by substitution for q and r we have, 

d.%y __ dy d% 
dx "~ rfir cfcr* 

and suppressing the common factor dx, 

d .%y=i %dy -f yd%. 
ThuSy to find the differential of the product of two 
variables^ we must multiply each by the differential 
of the other y and add the products. 

By means of this rule, we shall easily find the differ- 
ential of a product of three variables. 

Let it, for example, be y%u; make y^^ty whence 
we shall Have d . y%u =:d .tu. 
But by what has preceded, 

d.tu=i tdu + udtj 
and since t = yas, we have dt = yd% -f %dy. 

Substituting, therefore, these values of t and dt^ the 
equation is changed into 

d . yzu = yzdu -^ uydz -^ uzdy (5) 

We see then that the same rule still holds for a pro- 
duct of three variables ; viz. that we must write down 
the product yzu, replace successively each variable by 
its differential^ and add the products. 

The same rule evidently holds good for any greater 
number of variables. 



OF ALGEBRAIC QUANTITIES. 9 

The differential of a fraction - is V^^-^V ; for sup- 

y y 

pose - = ^, we have % = ty, and d% = tdy + ydt (form 5), 

y 

from which we find ydt =dz — tdy : 

putting on the second side the value of t, there results, 

y 

reducing to the same denominator, 

at=y^^-^y 
y 

and lastly, 

r y y' '^^ ^ 

If in the equation d . y%u = yzdu -h y wefe + if ss%, we 
divide each term by y%Uy we shall get 

d.yzu^du d% dy ^ 
y%u u % y ^ 

and generally, by dividing the differential of the pro- 
duct of any number of variables by the product itself, 
we shall find, 

d.xy%tu _dx dy d% dt du o 

xy%tu X y % t u 

If now Xy y, », /, w, &c., be each equal to x^ and the 
number of them be m^ we shall have on the second 

side of this equation m terms, each equal to — ; the 

X 

viftdiX 
second side will therefore be changed into , and 

X 

the equation will become 



.* 
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10 DIFFERENTIATION 

d.af^ mdx 



x"^ X ' 



and multiplying by af^, we shall have 

d .ar^mar-^dx^ (7) j 

We may hence deduce this rule : when a variable is 
raised to a power m, to obtain its differential^ we 
must 1^*. make the index the coefficient; 2^ diminish 
the index of the variable by unity ; 3^. multiply this 
product by dx. 

The same rule will hold, if the index be fractional or 
negative, as may be thus shewn : 

To prove the first case, let y^x^\ raise both sides to 
the power q^ when we shall have y* = x^, and therefore, 
by form^l^y), qy^^^dy =ip3if~~^dx ; whence we find, 

dy:=iP . dx; 

xP v^ 
and since o?'^', y*""', may be put under the forms — ,^, 

X q 
substituting these values, we have 

dy=i'^ ^Ldx; 

and since x^ = y^ the preceding equation is reduced to 

dy =:^^dx ; 
qx 

Lastly, putting for y its value, we obtain 



p 

.9 



dy =^ dx ; 

q X 

and bringing the denominator x into the numerator, we 

have 



9 



dy=:S.x dx, 
9 



OF EXPONENTIAL FUNCTIONS. 11 

a result the same as would have been obtained for the 

p 
differential ofy=zX9 by appl3ring the form 7. 

To demonstrate the case in whidi the index is ne- 
gative, let y=zx~^i this is the same with y^--^ which 

being differentiated by the rule for ftictions, we shall 
have 

Observing that unity being a constant, its differen- 
tial is 0, this expression is reduced to rfy = — — ! — ; 
whence differentiating by form (7) we shall have 

and subtracting the index 2p from the index p — 1, 
there results, lastly, rfy= — j94r""*^'rfa?, as we should 
have found by appl3dng the form 7. We conclude, 
therefore, that this rule holds true, whatever be the 
index of a:, that is to say, whether the index be inte- 
gral, fractional, positive or negative. 



DIFFERENTIATION OF EXPONENTIAL 

FUNCTIONS. 

To differentiate the exponential function 

y = a% 
when w becomes a: -f A, we have 

y, = «'+*, 
and the difference or increment is 
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12 DIFFERENTIATION 

In order to express it in terms involving h, as before 
explained, (form 1,) we may assume a = l+b, whence 

a* = (1 + $)» = 1 + ^ft + i(^=i) ft' 

•*■■ 2.3 

or a''-l=hb + ^^^~^h' + &ic. 

2 

.-.of (a»-l) =«* (^ft + i%zi) ft' + &C.) 
or arranging by powers of A, this 

+ &C. 



= «* {=^ — - +&C.) +&C. 
^12 ^ 



or when A = 0, (writing the constant part = -4) 

ax 

or rf;r = l ^ (8) 

Ay 



DIFFERENTIATION OF TRIGONOMETRICAL 

FUNCTIONS. 

From geometrical considerations it appears that the 
limit of the ratio of the sine to the arc is unity ; or we 

have in the case of the limit, — ^ = 1. 

h 



OF TRIGONOMETRICAL FUNCTIONS. 18 

To find the differeDtial of the sine whose arc is x^ 
suppose that the arc receives an increment h ; then we 
have, by trigonometry, 

sin. (a? -f A) = sin. x . cos. h + cos. x . sin. h. 

[ Subtracting from this function its primitive, and divid- 
I ing by the increment h of the variable, we shall have 

sip. (a;-f ^)— si n. x _ sin. x . cos. A -f sin. h . cos. x — sin.^r 
h h ' 

and qollecting together the terms multiplied by sin. x 
on the second side, we shall find 

sin. (ar-h A) — sin. ar_sin.a:(cos.A— 1) sin. ^ .cos. x 
h ^" h "^ h~7" 

When h becomes 0, cos. A — 1 becomes also 0, and 
y IS reduced to the form -; it is necessary, 

therefore, to put that term under some other form, 
and, for this purpose, the equation cos.*A -|-sin.'A = l, 
gives us COS.' A — 1 = — sin.* A, or (cos. A — 1) (cos. A + 1) 
= —sin.' A; from which we get 

sin.' A 



COS. A — 1 = — 



cos. A + 1 ' 



and substituting this value in the former equation, H 
becomes 

sin. (x-\-h)— sin. x sin. x . sin.' h . sin. h 

^ / = - -j—^ -. — -— + cos.o: — =- 

h h (cos.A + 1) h 

Txru L f\ sin. h ^ sin.* h ^ 

and therefore the equation is reduced to 

d . sin. X 

= = COS. x; 

ax 
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14 DIFFERENTIATION 

whence we deduce d . sId. x = cos. x . dx (9) 

In this demonstration^ the radius has been supposed \ 
unity. If we wish to have the differential of a sine 
whose radius is a, we must make use of this form ; 

. / 7v sin. 0? . cos. ^ + sin. ^ . cc^s. or 

sm. (a: + A) = ; 

a 

and therefore, in the preceding result, it will be ne- 
cessary to introduce the constant «, which will give 

J . dx . COS. X 
a . sm. X = , 

a 

for the differential of the sine of an arc whose radius 
is a. 

This expression for the differential of sin. x being 
obtained, those for the differentials of the other tri- 
gonometrical lines very easily follow. 

To find the diffei*ential of cos. x^ the equation, 
sin.' ar+cos.' a:=l, or rather^ (sin. ar) '4. (cos. ar)'=l, 
being differentiated, gives 2 sin. x.d. sin. a; + 2 cos. x.d. 
cos. a:=0 ; whence we find, 



•t _ sin. or.c/. sin. a; 
a .COS. a:=: ; 



I 

COS. X 



and putting for d . sin. x its value, dx . cos. ar, by (9), and 

reducing, we have rf. COS. a: = —rf;r. sin. ar (10) 

We obtain the differential of tangent x^ by consider- 

sin X 
ing that tan. x = — ^ ; which equation being differ- 

cos. X 

entiated by form 6, we find 

d tan J. — £??i5'^' sin.^ — sin.ar.rf.cos. a:, 

COS.^ X 

and putting the values of d . sin. x and d . cos. x^ we shall 

hate ^.tan.M^=( — '- — -- — ^ — )dx^ 

^ cos." X / 



OF TKIGONOMETRICAL FUNCTIONS. 16 
aDd therefore, since cos.' x + sin.' a; = 1, 

d.tan.a^=: (11) 

cos. 'a? 

We know, by trigonometry, that the radius is a 
mean proportional between the tangent and the co- 
tangent, and between the cosine and the secant, which 
gives 

cot. 0? = , sec. d? = 



tan. «r cos. <r 

By differentiating the first of these equations (form 6,) 
we find 

J . d.tau.iV dx dx /,^v 

a.cot.d?=— =— = — -7 ;•. (12) 

tan.' a? cos.'o^.tan.'o? sin.'*r 

. 

sin 
for, from the equation — '- = tan., we deduce 

COS. 

cos. tan. = sin. 

The equation sec. ar= , being differentiated, 

cos. X 

gives 

d.co^.x sin.<r£^ sin. a? dx 



d . sec. <r = — 



cos.' X cos.' X cos. X cos. X 



=:tan. x.^tc.xdx (13) 

We may determine in the same manner the differ- 
ential of the cosecant; for cosec. «r = -.^ ; which, being 

sm.o^ 

differentiated, we have 

J cos.xdx cos.iT dx 
a . cosec. x= 



sin.'iT sin.<z''sin.(r. 



= . cosec. irrf.r= — cot. <r cosec. .rrflr. . . . (14) 

tan.<r 

For the versed sine, by differentiating the equation 



16 DIFFERENTIATION 

versin. x -f cos. .2? = 1, we find d . versin . a? = df (I — cos.^), 
and by performing the differentiation, 

rf. versin. «r = sin. trdf.r (15) 



ON SUCCESSIVE DIFFERENTIATION. 

Let y be a function of a? ; if this be differentiated, 
we shall find a result of the form pdx^ p being a quan- 
tity which may be a function of x : in this case we 
shall be able to differentiate p also, and so obtain a re- 
sult represented by qdx ; proceeding in the same man- 
ner with respect to q, the result will be of the form 
rdxy and so on : pdx, qdxy rdxy &c. are the successive 
differentials of y. 

The equations 

dt/ =pdx give, dividing by dxy -^ =jo, 

dp = qdx ^ = y, 

dq^rdx -_? = /•; 

dx 

&c. &c. 

q being obtained by two successive differentiations,^ 

and by dividing each time by dte, we will represent 

the operation by -^, and we shall have -^^^q; in 

like manner by differentiating anew, and dividing by 

dx. we have -^ = r ; and so on. 

dx^ 

dy is the first differential of y ; 

d^y is the second differential ; 

d^y is the third differential ; 

and so on. 



OF TRIGONOMETRICAL FUNCTIONS. 17 

It may happen that a certain number of differentia- 
tions shall produce a differential which is no longer a 
fiinction of x ; in which case the process cannot be car- 
ried any fiirther. 



ON 



THE DEVELOPEMENT 



OF 



FUNCTIONS. 



Having thus established the principles on which any 
functions can be differentiated, and explained the na- 
ture of successive differentiation, we proceed to inves- 
tigate the form in which a function may be developed 
in a series. 



\ 



18 DEVELOPEMENT OF FUNCTIONS. 
If ire have a function of ;r in this form, 

' ■ ■, ■ f • . 

/{x)=A + Bx + Gr* + Da? + &c. 
When X becomes x + h, this becomes 

f{x + h) = A+B {x + h)^-C{x^hy+ &c. 

or multiplying and expanding, it 

A + Bx -f Bh 

•Y Da? ^^S Dx'h JtS Dxh" + D¥ 

4-&C. 

which, arranging and collecting the terms, 

A -h Bx -f Cod' -f -Ete' -f &c. 

=:^ +(C-f3Z)a?4- &c. )A' 

&c. 



Or it may be written, for brevity, 

= a-fi8A + yA' + &A^ + &c. 

Here a is evidently the original value of the functi 
when A = 0, or 

If we differentiate that expression, and divide by a 
we have 

^=5 + 2 Cx-^S Da^ + kc. 
ax 

Whence differentiating successively. 



DEVELOPEMENT OF FUNCTIONS. 19 



«?y_ 



= 2C+2.32)ar + &c. 



•■I" 



&c. &c. 



But comparing these results with the coefficieots in 
the developement ofy {x + h) we find 



ax 

fy = 2y •••7 = ?^.- 



« 



^ = 2.3.8 •••S = ^-^ 

Whence we have the developement 

•'^ ^ •^ ^ dx' 1.2 i/a?3 1.2.3 ^ ^ 

In this formula we have obtained an expression for 
the developement oif{x-\-h) in a series of ascending 
powers of A, with coefficients involving the successive 
differential coefficients of f{x) derived from the as- 
sumption that y (a;) could be expressed by a series of 
ascending powers of x. 

' But since the values of those differential coefficients 
must be the satme in whatever way they are deduced, 
it follows that if we have^ (ir) in anyjbrm mch^ that 
we can obtain its successive differential coefficients^ 
these will give us the coefficients of a series of ascend- 
ing powers of A, divided respectively by the numbers, 
1, 1 . 2, 1 . 2 . 3, &G. which will represent the develope- 
ment of the function when x becomes {x^h). 

c 2 
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This formula is called Taylor's Theorem, from the 
name of the inventor, Dr. Brook Taylor. 

The successive differentiations above performed on i 
the series expressing f {x) , when x becomes = 0, will 
have the following values, which we will write, express- 
ing the condition ^ = by enclosing the differential 
coefficients in brackets : 



\dx) 

( 



Or we have the series (or J^{x) 
/W = (/W) + (|)x.(g)^^+&c.....(,7) 

This formula gives us the developement ofJ'{x) in 
ascending powers of a?, and the successive differential 
coefficients in the form which they take when a? = 0. 

This is commonly called Maclaurin's Theorem ; but 
is undoubtedly the invention of Stirling. 

This formula necessarily supposes that y (x) can be 
expressed by a series of powers of x. 

In regard to Taylor's Theorem, it may be necessary 
to observe that the developement of the function in this 
form supposes the successive differential coefficients to 
be finite quantities, or if at any term the correspond- 
ing differential coefficient should become infinite, the 
developement could not be carried further. 

These remarks are made, because some writers, at* 
tempting to apply the formulae in cases of this kind, ^ 
have called them failures or exceptions. It is not ne-» : 
cessary here to enter further upon the subject ; but the j 
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reader may consult Boucharlat (Transl.) p. 162. or 
Lardner's Diff. Calc. p. 43, 49. 

These theorems for the developement of fuDctions are 
however only particular cases of formulae yet more ge- 
neral ; viz. those of La Grange and La Place. For an 
account of these^ which would be unsuitable to so ele- 
mentary a treatise as the present, see Lardner, p. 50. 
or Lacroix, (Transl.) note E. 



ON MAXIMA AND MINIMA OF FUNCTIONS OF 

ONE VARIABLE. 

We may, in the series of Taylor, give such a value 
to the increment h, that any one of the terms of the 
series shall be greater than the sum of aU those that 
follow. For, the series being represented by 

^ ^ dx ^d^l.2^ da? 1.2.3 ^ ^^'^ 
if we wish that -^^, for instance, should become greater 

CLX 

than the sum of all the other terms following, we may 
write the part of the series commencing from that 
term, thus : 

Vdip ^1.2 rfa?3 1.2.3 f ' 

and since, when we make ^ = 0, the part 

dx'S dx> 2.3 

vanishes, it will be easily seen that by taking h exceed- 
ingly small, that part may be made as small as we 

c3 
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please, and therefore be made less thaii^, which is in- 
dependent of h. Let % be what ^f -^ + &^c. becomes in 
this case : then the series will be reduced to^-^ -f-« )A; 
and since we have ^>^i or, multiplying by A, 

-^h > %h^ it follaws that the term -^-h is greater than 
ax ax 

the sum of all the succeeding terms. The same may- 
be proved for every term in respect of those that 
follow. 

This being premised, if we have an expression for 
any function, as y ==^, and if at any particular value of 
y, X be supposed to receive an increment A, and then an 
equal decrement, and we have the conditions fulfilled, 

f{x + h)< fx, f(x - A) < fx. 

Then this value of y is said to be a maximum value of 
the function. 

If, on the contrary, we have the conditions, 

f(x + h) >fx, /(^ - *) >fa' 

The value of y is then said to be a minimum. 

Or, wheny(a? + A) and fix—h) are at the same 
time hoih less than^, there will be a maximum ; and 
if these functions be^ at tlW same time both greater 
than^, there will be a minimum: if, lastly, one of 
these functions be greater and the other less, than^, 
there will be neither a maximum nor a minimum. 

We must therefore investigate the cases in which 
these conditions can be fulfilled ; and for this purpose 
we have, by Taylor's theorem, 

^^ ^ ^ dx dx' 1.2 dx' 1.2.3 
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in which series, if we diaoge A into —A, we find also 

In order, therefore, that y —fx may be a maximum 
or a miDimum, these two developements must be both 
less or both greater than y ; but this cannot be, unless 

i^ be = 0. For by giving to ^ an exceedingly small 

value, we may always render jMh greater than the sum 

of all the terms that follow ; in which case the sign of 
-^h will be likewise the sign of -^k, together with the 

following terms ; so that, on this hypothesis, i£ -fh he 

positive in one of the above developements, that de- 
velopement will be greater than y, and will be less than 

y, if ^h be negative. But the signs of -r^h are dif- 
dx ^ ax 

ferent in these developements, and therefore, if ^h be 

CvX 

positive in one, it must be negative in the other: 
whence it follows, that one of the quantities,y(a? + h) 
andy(a? — h\ will be greater, and the other less than^a?. 

If, therefore, -^ be not = 0, there cannot be either a 

dx 

maximum or a minimum ; but if -J^ = 0, then the de- 

dx 

velopements will be reduced to 
y(x + A)=y + J_ + J--+&c., 

•'^ ' ^rflr'1.2 rf«^ 1.2.3 

c 4 
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in which case, the sign of the terms that follow y will 
depend on -^, if only h be taken sd^smaU that that | 

term may be greater than the sum of aU those that 
follow ; and since -^ has the same sign in the two 

developements, it follows, that if -j^ be positive, the 

two functions of a? -f A and a? — A will be both greater 
than^ ; and in this case, therefore,^ will be a mini- 

mum. In the same manner it will be seen, that if >-i. 

be negative,^ will be a maximum. 

The principle, however, is more general. 

If, besides -J: = 0, we have also -^ = 0, in this case 
dx dx" 

we cannot have a maximum or minimum, unless also 
-^ = 0. Then, taking h exceedingly small, the sign of . 

the quantities following y will depend on--i^, and we 

may prove, as before, that if -^ be positive,^ is a 

dx^ 

minimum ; and if -=^ be negative, ^ is a maximum ; 

and so on. Generally, if the first coefficient^ that does 
not vanish J he of an even order ^ there wiU he a mini^ 
mum when it is positive^ and a maximum when it is 
negative. 

By these conditions then we may in any given func- 
tion find the value of a?, which gives y a maximum or 
minimum. 
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DIFFERENTIATION OF FUNCTIONS OF TWO 

VARIABLES. 



If we have a function of two independent variables, 
as 

its variation will be jointly dependent upon the incre* 
ments of x and y^ or the function will become 

In order to obtain the developement of this fiinction, 
we may consider, first, the variation as arising from the 
increment of x, supposing y constant ; and, secondly, 
from the increment of y^ supposing x constant. 

We may obtain the developement on each of these 
suppositions separately by Taylor's Theorem, in the 
foUowing manner : 

First, changing x into a; + ^ we shall have 

in which series y in contained only in the functions 

du d'u o 
^9 -i-j -T-9 &c. 
da^' dx" 

When therefore we change y into y + ^ we must deve- 

lope each of these functions u. -=-, &c. for the incre- 

dx 

ment y ^h^ supposing x constant. Thus we must re- 
place, in the equation above. 
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^ dy dy'l.Z dy^2.3 



ijiu 



du 



, d.^ d^^ ,^ rf3' 
du I du dx, ax k" dx k^ « 

Tx^^'^^'dy^W'^i^^^W^^^ 

d ^ d" ~ d^ ^'^ 
^h ^ ^z . ' daf'k' 'd^ k^ 

&c., &c., &c.^ &c., &c. ; 

and forming as many lines as there are terms in the 
equation^ we shall obtain 



+ 



d'uh' 
da;' 2 



+ &C. 



+ &C. 

If we had made these substitutions in an inverse 
order, we should have found, first, by changing y into 

J., jv duj d?u^ d?u T^ 

and putting then in each term a? + A in place of x, we 
should have arrived at this developement, 

jf, 1 Tx du, d'uh* g 

rf — 
+ ^^ + --T-^M + &c. J> {S) 

d'ule « 



+ &c. J 
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The order in which we make these substitutions 
being arbitrarj, (since in putting. <r + A wherever x 
^ters, and y^k wherever y enteihs, these operations 
cannot affect each other), it follows, that the two deve- 
lopements {A) and {B) must be identical, and conse- 
quently the terms affected by the same products of h 
and k have the same values. 

Equating therefore the terms which are multiplied 
by hky we shaU obtain 

J du gj du 
'dx_ ' 3y d'u _ d'u .^qv 

dy da' dxdy'^ dydx' ^ 

an equation which shews us that, in taking the second 
differential of the product of two variables, the order of 
the difieretitiationl^ is arbitrary. 

The same thing may be proved for the differential 
coefficients of higher orders, by equating the differen- 
tial coefficients of the other terms of the equations {A) 
and (jB) ; which are multiplied into the same powers of 
h and k. Thus we have in general, 

dy^ dof" dx"^ dy^ ^ 

If we extend the definition of the differential of a func- 
tion of one variable to those of two variables, we may 
derive the form of this differential from the preceding 
developement : for we have the increment of the func- 
tion 



f{x^h, y\h) -^/(x, y) = ^ 

i 

To express the ratio of this increment relatively to 



du 

+ T- ^ + &c. 
dy 
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those of the variables^ we must divide the first series hf\ 
h and the second bj h: and in passing from the diffe- 
rential coeflScient to the differential, we must multiply 
the first term by dxy and the second by dy : thus we 
have 

^/(ar,y)=^r?x+^%....(21). 
It must be observed, that these terms mean respect* 

* 

ively the differentiation of the function, with respect to 
one variable, the other being supposed constant. And 
taken separately they are called the partial differen- 
tials of the function : their sum constitutes the toUd 
differential. 

For the further investigation of the differentials of ' 
functions of two variables, and their maxima and mi- 
nima, the student is referred to Lacroix, (Transl.) p. 
145,164; Jephson's Fluxional Calculus, p. 140, &c/; 
or Boucharlat, (Transl.) p. 116. 



APPLICATIONS 



OF THE 



DIFFERENTIAL CALCULUS. 



Applicaikms of the theory of the devehpefnent of 

fiinctidhs to several cases of Algebraic and 

Transcendental functions. 



ALGEBRAIC FUNCTIONS- 
1. Let the function to be developed be, 

1 

y= ; 

a+x 
differentiating, we find 



, dx 



(a -f ^)' 



whence -~ = — 



dx {a + x) 
and differentiating anew, we shall get successively 

dx* {a -f xy {a + xy' 
d^y 2.3(g-f a?)'__ 2-3 

&c. 
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Making then x 
we find 



in the values of y, -J^, ^, ^4 



1 (d^y\ _^ (^^y\ 2.8. •; 

a^' \dx') "" a^' \d^/ "" "o^ * 



and substituting these values and that of ^ in the for- 
mula^ we shall obtain 

1 1 a: or* ip3 g 



a+x « a' a^ a^ 



2d. For a second sipplication, take y = a/«' + hx ; we 
have then 



dir» 



a/ (a' + bxy 



making x = 0, these values will become 

«=«'-)^-(l)=*-!.(£^)=-i*-„^. 






a^ 



and substituting these values of (y), ( ^ ) &c. in the 
formula^ we shall find 



Var -^bx:=a'\-— — — -f «.&c 
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Sd. By the same method we may obtam the deve- 
lopement of y = (a + a:) ~, or in other words, we may 
prove the Binomial theorem in its most general form ; 
since we have before established the differentiation of 
all powers whether whole or fractional, positive or ne- 
gative, without assuming it. We have then 

y = (a^.af)^ 



d^y 



= «i(f» - 1) (a rj- «) "^S 



dx" 

^?f = i»(i»-l)(«i-2)(a4-a:)*~-3; &c. 

making a: = 0, the value of y is reduced to a~, whence 

(y) =a"* and the differential coefficients #, -,-i?, &c. 

dx dx" 

give us 

0=<»«-.(g)=«(«-i)<^'. 

/-^ j =: tn{m — l) («i — 2) «"•"», which values of 

(y), /^V (^), &c. being substituted in the formula, 
we find 

+ «*(^rl).(^z2)^-3^^&c. . . . (22) 
2 3 ^ ^ 

In the foregoing instances we have made use of Stir- 
ling's series ; in the following case we have an ^plica- 
tion of Taylor's theorem. 

Let y, = ^/x + ^ be the function ; 
we have then 

y = //^=«f, 



as SINES AND COSINES, 

and therefore 



$=i<»-4= 1 



Sx 



2Va? 



substituting in the formula we have 

Wx \/a^ \/a:^ 



TRIGONOMETRICAL FUNCTIONS. 

Let y, = sin. (a: + h)^ whence it follows that y = sin 
and we may therefore form the successive differen 
coefficients thus ; 

du d^v . €?% 

JL = COS. x;^^ = — sm. x;-^^ = — cos. x\ 

ax dx^ dx? 

d^y . d^y « 

-^ = sm. x;-^^ = COS. x ; &c.; 

dx* dx^ 

and substituting in Taylor's formula, we find 

sin. (x + h)=z sin. x + cos. a: . - — sin. a? — cos.o?. -— 

' 1 1.2 1.! 

A* ^ A* 
+ sm.a:. -+cos.a: , 

1.2.3.4 2.3.4.5' 

Making a? = 0, sin. x will then be=:0, cos. ^ = 1, { 
the series will become 

sin.A=A--*L+ ^ &c. ... ( 

1.2.3 1.2.3.4.5 ^ 
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If we took y^ = cos. (^ + ^)» we should findi proceeding 
as in the last example, that 

COS. A = l + &c (24) 

2 2.3.4 ^ 
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In differentiating the exponential function, we found 

ax 
By means of an application of Stirling's theorem we 
may determine the value of A. Investigating by that 
theorem the developement of a% we have, 

d'y Ad.oT A^afdx .., 
-y^= — = — = — = — =-4'af, 

dai^ dx dx 



d^y 



= A^(f^ &c. 



dx^ 
and making a? = 0, we shall find 

(.)=«.= ,,(*) =^,g = ^..(g)=^..«,c. 

Substituting these values in the series, we have 
„.=l+^%^^^^&c.; (S5) 

making ^ = -^^ this equation will become 

and representing by e, the second side of this equation, 

D 
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it will be changed into ai^ey whence we find az=:e^; 
and taking the logarithms^ we have 

log. a = log. e^z:zA log. e ; 
therefore 

^^log^a 
log. e 

Thus the value of A belonging to any system whose 
base is a, is determined by taking this ratio of the lo-. 
garithms of a and e. 

If, then, A belong to the system whose base is e, we 

have A = . ^* = 1. 
\og.e 

The number e, whose value is given by the equation 

e = 1 4- 1 H z^ + = h &c., is the base which Napier 

1.2 1.2.3 ^ 

selected for calculating his tables of logarithms. 

1 1 

The series 1 -i- 1 -i- — - -i- -— — + &c. being sufficiently 

convergent, we may take the first ten terms as an ap- 
proximation, when we shall find the value of ^ to be 
2,7182818 very nearly. 

Thus e may be considered as that value of a which 
givjBs A=zl. 

In general, -^ is called the modulus of a system 

whose base is a. 

If we designate a logarithm in the Napierian system 
by the symbol A, and one in any other system by /, we 

have as above 

I 

• • ^ 

or to base a, 16:=^-^ 

A 

and a = ^; 
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or to base e, xa=iA; 

or the logarithm of the Napierian base, in any system, 
is the modulus of that system. And the Napierian lo- 
garithm of the base of any system is the reciprocal of 
its modulus. 

The Napierian logarithms are often called hyper- 
hdk; and sometimes natural logarithms. The modulus, 
being unity^ they are most commonly used in analytics 
for the sake of simplicity. 

In the Napierian system we have, ^ 

y = ^ = e^. 

Or taking the logarithms of these quantities in any 

system, 

ly = l{e^y) 

zizXy .le. 

Hence for the same quantity y, Xy being constant, 
and le equal to the modulus of the assumed system, 
the logarithms of y, in different systems, will he as 
the moduli of those systems. 

Thus if we have given the logarithm of a number in 
one system, we pass to its logarithm in another by 
multiplying by the modulus. 

If we have y = /^, 
and y, = / (a? H- A), 

we may develope y,, in a series, by Taylor's formula. 
Taking the successive differentials, we have 

6?y = 6? . /«r = — 

.dy 1 
ax X 

Whence $^= -i, 

ao?' x^ 

d?y _Zx_2 

dx^ "^ X* x^' 

D 2 
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And substituting these values, 

l(W'{-h)=:la}'\ Y &c (26) 

This series is not sufficiently convergent to be em- 
ployed in the calculation of logarithms of numbers. 
We may however easily obtain a form which shall be 
sufficiently convergent. 

If we had taken .r — A, the form would become, 

/(a»-A) = /ir-^-il-ii-.&c. 

Subtracting this equation from the former, we have^ 
/(a:+A)-/(^-A) = 2(- + — +&C.) 

which, by the property of logarithms, is, 

'(|^^)=<M.O w 

In this form, substituting particular numbers for 
x+h and a? — A, we may obtain some of the most fun- 
damental logarithms, from which the others may be 
derived; and by various artifices in particular cases 
the processes may be shortened. 

Other forms, more convergent, may also be obtained : 
for which, and the methods of calculating logarithms 
in general^ see Boucharlat, Transl. p. 191, or Jephson's 
Calculus, p. 49, and the Introduction to Dr.Hutton's 
Tables. 
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APPLICATION OF THE DIFFERENTIAL CAL 
CULUS TO THE THEORY OF CURVES. 



Many individual properties of curves are established 
by geometry ; but we do not obtain any common prin- 
ciple by which they are connected. 

The algebraic theory of curves gives us a more ge- 
neral view of them, connecting them and their funda- 
mental properties together by one great principle, their 
reference to coordinates by equations. 

But this theory does not enable us to discover all 
their properties. It shews us the limits within which 
a curve is included, and the general character of its 
form or branches. 

We have still to inquire into many other particulars 
of its form, and its properties, referring to lines con- 
nected with it. 

The differential calculus affords the means of inves- 
tigating these points upon simple principles, connecting 
them all by a general theory. 



ON TANGENTS, NORMALS, &c. TO CURVES. 
Let the equation to any curve be 

Let there be taken two ordinates, y and y,, corre- 
sponding to the abscissae x^ x-\-h. Draw a secant 
through their extremities, meeting the axis in 5, (fig. 1.) 

D 3 
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and through P draw a parallel to the axis, which will 
intercept a part of the second ordinate =y,—y, and 
will be itself = h. Then we have, by similar triangles. 



h SM y.-y 

But y, may be developed by Taylor!s theorem, or 
we have 

y,=/(^ + A)=y + |A+g.il+&c. 
Hence subtracting 

Substituting this value in that of aSM^ we shall find 



SM^ 



hy 



-^h-\--^ — +&C. 
dx dx^l.2 



and dividing by A, 

SM^ ^ ^ y ^ — _ 

ay a^y h « 

At the limit, A = 0, and SM becomes MT^ which 
gives us 

thesubtangent, il!fr=X, = y^, .... (28) 

dx 



Drawing a perpendicular to the tangent at P (fig, 
2, 3) and the ordinate, we have by similar triangles, 

MT_ y. 

y ^MN' 
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or substituting for MT 

— . = — ^ ; hence we have 
dy MN 

the subnormal MN=^y . ^ (29). 



In respect to the tangent and the normal, we have 



OT tangent =1 \f y^ ^+y*=y\/ ^ + 1 ; . . . .(30) 

PN^^MW^nPM\ 



or normal=^/ y^ 1- j^if^y^/ ^ +1 (31) 

To find the equation to the tangent, let w^ and y, be 
the coordinates of the point of contact P; the equation 
to the straight line PT, passing through the point P, 
may then be represented by 

y-y, = -4(a:-a:,), 

where A is the trigonometrical tangent of the angle 

MTP^ which the tangent at P forms with the axis, 

PM 

and will therefore be expressed by ,=->-7^' therefore 

MT 

(writing the angle MTP=:<t>) 

tan. <^=^= y±-^^jyj-^^yjt (32) 

MT subtangent y^dx^ dx^ 

Substituting this value of A in the equation to the tan- 
gent y that equation becomes 

D 4 
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y-y.=|^'(*-^a). ..v-(8S) 

oar, "5/ 

The equation to the normal will therefore be 

y-y,= -T^ (J!"-^.) (34) 



:.t. 



«.* 






O^ ASYMPTOTES TO CURVES. 



We have ^ready found in all cases 

If then in this expression, deduced for any particular 
curve, we suppose x, or y, or both, (according to the 
conditions of the curve,) to become infinite, we shall 
have the inclination of the tangent belonging to a 
point infinitely remote, or that of the asymptote. 

To find its position, or the point at which it meets 
the axis, we must take the value of the subtangent — 
the abscissa, (or the distance from the vertex to where 
the tangent meets the axis,) and substitute x, or y, or 
both, = 00 . If the expression continue finite, by this 
value, and that of tan. <f>, we have the position of the 
asymptote, and can consequently construct it geome- 
trically. 



MAXIMA AND MINIMA OF THE ORDINATE 
AND ABSCISSA OF CURVES. 

Since y=/*(a?) may represent the equation to any 
curve, the general principles of the investigation of 



r 

I 

1 

1 
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[ maxima and minima apply to the maximum or mini- 
mum of the ordinate. From the given equation to 

the curve we determitie whether -J- be = ; and also 

da 

whether the second differential coefficient be = or 
not, and so successively, till we obtain one which does 
not vanish, whose sign determines whether it be a 
maximum or a minimum. 

Some curves admit of neither; some have both; 
I some only one or the other. 

By the formula (32) tan. ^ = ^. 

I 

[ But when the ordinate of the point of contact is either 
a maximum or a minimum, we have just seen that we 
have 

dx 
.*.tan. ^ = 0; 

that is, the tangent will in either case be parallel to 
the axis JT, (as in fig. 6, 7-) 

Since it is immaterial which of the coordinates we 
designate as x and which as y, we may write the equa- 
tion 

and the condition 

dx ^ 
_ =0 

will give the maximum or minimum of the abscissa. 
But we hence also deduce 

dy 1 

■^ = -=00. 

dx 
Therefore keeping to the original form of the equation, 
this last condition gives the maximum or minimum of 
the abscissa. 
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Also this condition, according to what was just 
served, indicates that the tangent is perpendicular td 
the axis of x. 



SINGULAR POINTS OF CURVES. 



POINTS OF INFLEXION. 

The determination of the maximum or minimum of : 
the ordinate or abscissa gives us the limits within ' 
which thiL£urve is included : but we have still to trace ' 
the particular form of its course within those limitsL 
We shall therefore proceed to investigate the mode of 
determining whether the curve be concave or convex 
towards the axis : also, if at any point in its course it 
change from concave to convex ; which is called a 
point of inflexion : and again, whether its branches at 
any point or points touch or intersect one another. 
The points in a curve at which any of these conditions 
take place are called singular points ; and the diflFeren- 
tial calculus affords us the means of determining them, 
so as to give us the complete description of the curve. * 

(Fig. 4, 5.) Let there be drawn a tangent to any 
curve at a point P whose coordinates are x^t/i take 
another ordinate y -f ^ corresponding to x-\-h: which 
being produced to meet the tangent, let the increment 
limited by the tangent be I: and the angle at which 
the tangent meets the axis, or a parallel to it through 
P, be <t>. Then from the right-angled triangle we 
have 

l=h, tan. ^, 



f 
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wMchby (82)=A^. 

ax 

Hence we have 

ax 

We have here supposed lc>l. If we had k<l^ we 
should take 



Z-A=gA-(/(^ + A)-y) 



dx^ 1.2 

or the sign of the second differential coefficient will be, 

+ , when A > /, 
That is, when the cUrve is convex to the axis : 

— , when h<l^ 

That is, when the curve is concave to the axis. 

On the other side of the axis, or with— y, the same 
investigation holds good ; but the signs will be reversed. 
Hence we may say, gjpnerally, that on whatever side 

the curve falls, -^ has'^Ae same sign a^s y when the 

curve is convex to the axis of the abscissae, and has a 
contrary sign when the curve is concave to the same 
axis. 

The curve being convex or concave to the axis of 
the abscissae accordingly as the ordin9te is arrived at 
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its minimum or its maximum, we see the reason why: 
--^ is positive iff the first case and negative in the se-l 

cond. 

In this investigation we have taken the ordinate cor- 
responding io x-\-h: let us now take it at any eqw 
distance on the other side of P, or corresponding 
x-'hy (fig. 8). In this case, changing h into —A in the 
expression for A; — /, we shall have 

Replacing now the expressions ^(a:-|- A) and y (a: — A) i 
by their dev elopements, we shall have 

V dx da:' 1.2 dx> 1.2.3 / 

ax 

and by reducing, these equations will become 

, J d'y h' d^y h^ - 

k — l——^ — +-^ 4-&C. 

dx'1.9. 6?a?3 1.2.3 ... 



rf^'1.2 dx'l.^.S 



(36) 



In order now that there may be a point of inflexion at 
JP, it is necessary that when we give to h an exceed- ' 
ingly small value, the lines k--l and h^—l^ should fall 
one above and the other below the tangent, and that 



I - 
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consequently k^l and k^^l^ should have different 

signs* But this is not possible, unless the first term in 

each of the series he ; for if that term be not 0, then 

d^v h^ 
I we may give to A a value so small that the term -y^^ 

shall be greater than the sum of all the terms following, 
and therefore the sign of that term be the sign of the 
whole series; and since that term is the same in the 
two series^ it follows that Ar — / and k^ — /, would in this 
case have the same sign : in order, therefore, that they 
may have different signs, we must have 

^'y I^^^Q or^ = 
^1.2 * dx^ 

If it should happen that the same value of x, which 

makes -^ vanish, make also -^ vanish, then, in order 

that there may be a point of inflexion, ^ must be- 

come likewise ; and if in this case -j^ result 0, -=-^ 

ax^ dxr 

must result also : and generally the last differential 

coefficient that vanishes must he of an even order. 

If the value of x, which is the same in the deve- 

lopements, be such that -^ become infinite, the two 

ax 

developements will be so likewise; and we can then 

conclude nothing from the preceding demonstration, 

which rests on the supposition of these developements 

being possible. In this case we must observe that the 

Cl'u d^'u 

condition -y^ = indicates, generally, that ^^ ought to 

change its sign at the point of inflexion, which agrees 
with what was proved before : but this change of sign 
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may also take place in passing through infinity ; for let 

if, then, we substitute successively for x the values 

x=za^h^ we shall find-y4= — -f-j 

dx^ h 

d'y 

dx' ' 

where we see that it is the denominator of the value ci 
-=i^, which produces the change of sign in the differen- , 

CLX 

tial coefficient, after passing the point of inflexion. 

Hence it follows, that if there be a point of inflexion 

in a curve, we must have, for the abscissa of that point, 

d^y ^ -■ d'y 
^ = ; or-^ = 00. 

ax^ ax" 

When, therefore, we have ascertained that one of these 

conditions is fulfilled, we must successively augment 

and diminish the abscissa of the point which fulfils the 

condition by a very small quantity h ; and if, for these 

d^y 
new values of x, ^^ has different signs, we may then 

conclude that there is a point of inflexion : for when 

-^ is positive, the curve is convex to the axis of the 
dx^ 

abscissae, and concave to that axis when -=-^ is negative ; 

ctx 

but it is by this change from convex to concave, or 

from concave to convex, that the curve manifests its 

point of inflexion. 



^ 
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It may happen that the equation of a curve shall give 
^L with two or more unequal values, this will happen if 

the expression involve some root which may be con- 
nected with the other terms, either by the sign + or — . 

But since -J^ = tan. 0, it follows that there are as 
dx 

many tangents to the curve at the point to which tan. 
^ belongs, as there are values of the diflferential coeffi- 
cient ; that is, the curve must intersect itself so many 
times at that point ; or it is called a multiple point : 
being a double, triple, &c. point, according as two, 
three, &c. branches intersect. 

Since the differential coefficient has several values, it 
is expressed by writing 

dy^O 
dx 0' 

By finding these values we discover at what angles 
the branches of the curve intersect the axis. 

In some curves it is not difficult to investigate these 
values without using any other methods than those 
here explained ; but the general investigation of such 
points cannot be effected without having recourse to 
more complex considerations relative to the values of 

the expression -, which are not of a nature to fall 

within the plan of so elementary a treatise as the pre- 
sent. 

Pig. (11) represents a curve with a double, and fig. 
(12) one with a triple point. 
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The reader who is desirous of fully investigating 
these points is referred to Jephson's Calculus, chap. 5 
and 12 ; to Boucharlat, (Trans.) p. 50 and 90 ; or Lard- 
ner's DiflF. Calc. sect. 15. 



POINTS OF REFLEXION, &c. 

If the equation to a curve give only one value of ^ 

ax 

there will be but one tangent at a given point ; but if 
at the same time -^ has several values, then it is evi- 

dent from (35) that the developement of A — /will have 
several values; or there will be several branches of 
the curve having a common tangent. 

If these several values have all the same sign as y, 
the branches are all convex to the axis; if different, they 
lie opposite ways. 

If this happen at a point where the curve terminates 
from values of x beyond it giving y impossible, the 
point of several contacts is called a cusp^ or point of 
reflexion : it is said to be of the first species, when 
the curves are opposed, and of the second, when the 
concavities lie the same way. 

The two species of cusps are represented in figs. 
(9, 10.) These points are easily determined in parti- 
cular curves. For their connection with the general 

theory of the values of - the reader is referred to the 

^ 

works already named. 

In the theory of curves we have instances of conju- 
gate points, which are in most cases easily determined 
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\lf fcbci ponrtmction of the equaticm ; these pcnnts are 

dso referred to the theory of the values of ^ = - ; but 

ax 

for these iwestiigations the reader must have recourse 

to the same works as in the former cases. 



ON THE 



OSCULATION OF CURVES; 



CURVATURE, EVOLUTES, INVOLUTES, &c. 



OSCULATING CURVES. 

Let y = 4>x and y^Fx be the equations to two 
curves which meet '(fig. 13-) in the point P whose co- 
ordinates are x y^ we shall have then^ for that point, 

4>x = Fx; 
and supposing that x becomes x + h^ the preceding 
equatioDS will give the ordinates belonging to the same 
abscissa in the two curves^ 

<l> {x + h)=z4>x-\- -^h + -^ _- + &€. 
^ ^ ax ax" 1.2 

If now all the corresponding terms of these deve- 

E 
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lopements be identically the same, the two ordinates j 
will have the same values, and the two curves will : 
coincide ; but if we have only (t>x = Fx^ the curves, as : 
we have just seen, will have merely a comrann point P\ 
if, besides 4>x^Fx, we have 

d.(t>x^d.Fx 
dx " dx ^ '-f- 

i 

the difference between the two ordinates belonging to ^ 
the same abscissa will be less, and the curves will then 
approach more nearly to each other ; and still more, if, 
in addition to these equations, we have also 

d'(l)X _ d'Fx , 
dx' d^ ' 

and so on in order ; the difference becoming continually 
less, the greater the number of terms respectively equal 
in their developements. 

This being premised, let a, 5, c^ &c., be the constants 
in the equation y = Fx ; we may then, without chang- 
ing the nature of the curve, give arbitrary values to 
these constants, so that we may have, 

jj, dFx dSx d'Fx d'Sx « 
^ ' dx dx dx" dx' 

or taking as many of these equations as there are con- 
stants, determine the constants by the condition that 
those equations are satisfied. 

For example, if the equation y = Fx contain three 
constants, a, d, e, we may put 

Fxx^tbx ^^-.^^ d^Fx _d^<t>x 
'^^^'dx ^~dx' da^ ~'^' 

deduce from these equations the values of a^ b, c, in 
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functions of w, y, -^, -^^, and substitute them in the 

equation y = Fx ; which will then possess this property, 
that when we put a? + A for x^ the developement for the 
first curve wiU have the three first terms respectively 
equal to the three first terms of the developement for 
the second curve. 

The same reasoning will apply to an equation con- 
taining any other number of constants. 

Thus we have seen that if the curves |f = ^o? and y 
= Fx have only a common point, and ar, y, be the co- 
ordinates of that point, we shall have the equation of 
condition Fx =<f>x ; but if we determine two constants 
of the equation y = Fx, by the conditions Fx = ^ar, and 

-- — = ^-j the curves will begin to approach each 
dx dx 

other. 

Def. Let y ^fx represent what y = Fx becomes after 
we have substituted the values of these two constants ; 
then y ^fx is called an osculate of the first order to 
the curve y = <^r ; and if (always by virtue of the arbi- 
trary values that may be given to the constants) we 
have eliminated three of the constants of the equation 
y = Fx, by means of the following equations : 

F -<bx ^^^^^^ d^Fx_d'<t>x 
" "dx dx' dx' dx'* 

and y = if/o? represent what y = Fx becomes after this 
substitution, the curve y = if/a? is called an osculate of 
the second order to the curve y = ^a?, which it will 
approach still nearer than y=^fx does, and so on, in 
order ; so that for an osculate of the nth order, we 
shall have the equations determining n + 1 constants, 

£ 2 
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Fx—d>x ^^^^^^ d'Fx ^d'^^x 
dx dx ' dx"^ dx^ 
d''Fx _dr4>x .gy. 

dx"" dx"" ' 

We will proceed to shew, that of two osculates which 
we have thus obtained, by giving arbitrary values to 
the constants of the same equation, the osculate of an 
iriferior order cannot pass between the other and the 
curve, in rq|pect to which the osculation takes place. 
For example, let S (fig. 13.) be the curve y=^, and 
C its osculate y = ?|a? of the second order ; we have then 
to demonstrate that the osculate Z), or y =^ of the 
first order cannot pass betwixt the curves B and C. 

For this purpose, by putting ar + A in place of x, in 
these equations, we shall find 

^ / L\ ^^ dSx , d^Sx k d^d^x h^ « 
^^ ^ dx dx" 1.2 dx? 2.3 

^ ^ dx dx' 1.2 dx^ 2.3 

f(x-\'h) = fx + — f- A + -f- + -^ + &c., 

"^ ^ ^ '^ dx dx" 1.2 dx^ 2.3 ' 

and y=if/a? being an osculate of the second order to 
y = <^, we must have 

, _ , dy\fX _d<l>x d'tpx _d'<f)X ^ 
* dx dx^ dx' dx' 

y z=zjx being an osculate of the first order to y = ^, we 
must have also 

dx ax 
from which equation^ we have therefore 



and only 
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dx dx dx 



d*(t>x __ d'ypx 
dx^ ^ dx"' 



Let us then make 

dx 

and the three preceding devdopements may be written 
thus, 

'' ^ dx'l.Z dai^ 1.2.3 

and observing that all the terms, commencing from that 
which is affected by A^ have h? for a common factor, 
we may suppose 

*^-^+&c. = iJfA3; 
dx^ 2.3 

whence, making similar reductions in the other equa- 
tions, we shall have 

^ (x + h)z=K+ Fk' + Mh\ 

dx' 

£ 3 
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Now the curves y —fx and y^ypx being osculating 
curves, one of the first and the other of the second 

order, V must necessarily diflfer from ^ -^ ; and we 

ax' 

can therefore make only two hypotheses respecting V, 



VIZ. 



r<i^,orr>i^. 

If Fbe less than \ ^, let Z be the excess of \^^ 
over Vy then we shall have 

where Z is a positive quantity ; but if, on the contrary, 
F"be greater than \ -^^ Z will be negative. 

Substituting this value of \ -^ in that oif{x + A), 

(tx 

and observing that h' is a common factor, our three de- 
velopements will now become 

^ (a? + A) = ^+ (r+ Mh) h\ 
^\x ^1i)^K^-\v JrNh)h\ 
f{x + h) = K'i-{r+Z-^Ph)h'; 

and by making h exceedingly small, the quantity Z, 
which is independent of A, may become greater than 
the expressions Mh and iVife, which tend to 0. 

In this case if Z he positive, y(ar-f A) >^ (x-^h) 
>i// (a?-+A), or the ordinate to Z) is greater than the 
ordinates to JS and C; or Z) cannot pass between the 
other two curves. 

If Z be negative, the ordinate to Z) is less than 
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either of the ordinates to B and C, or D cannot pass 
between B and C^^. 



ORDERS OF CONTACT. 

If we take the case in which one of the equations is 
that of a straight line, or 

y = Fx = ax+b, 

the equations for the two constants (as before ex- 
plained) will be. 

Where ^^ belongs to the curve and may be replaced by 
y,, hence. 

Whence by substitution, 



ya=^'^a+ft; 



or substituting for h 






Whence by transposition, 

which is the equation to the tangent at ^^,. Thus 
then, according to the definition, this osculate of the 

E 4 
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fitst order, id a tan^ht to the cutire : &l»o ii'f(dki#t 
from our theory, that between thai straight line &aA 
the curve, we cannot draw any ottier. straight line; 
which is a property of the tangent. 

The tangent is said to have a contact of the first 
order with the curve ; and generally an osculate of the 
order n has a contact of the same order with the curve 
to which it is an osculate; thus when we have, be- 
tween the two curves, the equations 

_^ d<t>x_dF(t d^^x _d?Fx 

dx dx dx^ dQc" 

•1 ■ 

these curves have with each other a cbntax^t of tte 
second order ; if, besides these equations^ we have also 

6fi<fcg _ d?Fx 
dx^ "^ dx^ ' 

the contact will be of the third order, and so on. 



OSCULATING CIRCLE. 
The equation to the circle, which is 

contains three constants ; and we may therefore deter- 
mine the circle which has a contact of the second order 
with any curve of which we know the equation. For 
this purpose, let x^ and y, be the coordinates of the 
point P in the circumference of the circle ; the value 
of y, will then be given by the equation 



r • 
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and iDiisi ^etikce Wae^ in the equatiotts of contact. Which 
are 

Sx-F ^-^^-^ d^4^_d'Fx 
^ dx dx * dx* doc" ' 

If at the same time we take x and y for the coordi- 
nates of the curve y = ^, at the point of contact, the 
preceding equations will become 

^*dx dx^ dx" Ix/ 

and in these we must substitute for the quantities y^^ 

J-' and -i-?, their values derived from the equation to 
wTa dx^ 

th^ drete, and its successive differentials^ winch are 

Or substituting in these equations, (which since when 
y = y^, we have x=zx^ is done by suppressing the ac- 
cents,) we have 

(y-i8)' + (a?-«)' = / (38) 

(y-)S) $ + a?-a = (39) 

dx 

from the last of which equations we deduce 

da* 



/ 
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and putting this value in the equation (39) we obtain 

'^ dx'f dy 
^~'*= ^ dx 
da^ 

If in the equation (38) , we substitute these values of \ 
y—^ and ^ — «, it becomes 

\_Jf^ \ dx') dy* 
/^y "*" /rf'yy da^ ^' 

and, adding the numerators which have a common 
factor, we shall have 

\dx'/ 
an equation which reduces itself to 

Kdaf) 
and, by extracting the square root, gives 

^—^y-'y- 

dx' 
The double sign refers to the* position of 7: if the 
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^e be concave to the axis of a?, then -7^ will be ne- 

itive ; and in order that 7 may then result positively, 
we must take 7 with the negative sign, and write 



y=- 



{^^%y 



da? 



(41) 



&r the curve being concave to the axis of the abscissae 
-^ appears as a negative quantity, and therefore, when 

sabstituted in the equation, will render the value of 7 
positive. 

If the curve ought to be convex to the axis of a;, the 
positive sign must be prefixed to the value of 7. 

The value of 7 is sometimes expressed in this form 

a form which is readily deduced from the equation (41); 
for b; reducing the two terms within the brackets to a 

3 

common denominator, and observing that {dx^y is dofi 
we obtain 

== _ (<^ + %T _ _ {dx'-\-dyy 



da^.^ 
dx" 



dx d'y 



Def. The circle which osculates with a given curve 
at any point is called the circle of curvature for that 
point, and its radius, the radius of curvature ; thSa 
then is easily obtained from the equation of the curve 
by taking its differential coefficients, and substituting 
in the above formula. 
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The osculatiDg circle has received the name of 
circle of curvature, because by means of it we may 
pare or measure the curvature of the curve at 
point ; for if at that point we describe^ with the 
of curvature, an exceedingly small circular arc^ that 
may be considered as the arc of the curve itseli^ 
which it separates but in a very slight degree. Nc 
the greater be the curvature of the circular arc, the 
is its radius ; and it follows, therefore, that from 
decrease or increase of the radius of curvature, we 
determine the increase or decrease of the curvature 
the curve. 



EVOLUTES AND INVOLUTES. 

Since ^ expresses the trigonometrical tangent of the 

angle which the tangent at JP makes with the axis of ^, 
the equation of the normal to a point whose coordinates 
are a and )8, will be, 

and this equation being the same with the equation (39.) 
in which a and j3 are the coordinates of the centre of the 
osculating circle, we see that the radius of that circle 
coincides in position with the normal to the curve. 

Def. If now, through all the points of a curve 
jP, Pa, P3, &c. (fig. 15.), we draw the radii of curvature 
PO, P3O3, P3O3, &c., we shall construct a series of 
points O, Oa, O3, &c. ; which points being all subject 
to a certain law, their locus constitutes a new curve 
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dependent on the former, and which we call the evolute 
of the curve P, this latter curve, considered relatively 
to the evolute, being called the involute. 

If now we pass from one point of the evolute to an- 
otfaer^ not only will x and y vary, but a^ P, and y will 
also vary at the same time ; for since a and are, ge- 
Mrally, the coordinates of the centre of the osculating 
cirde^ and the evolute is formed by the system of those 
centres, it follows that a and P are the coordinates of 
the evolute, and therefore coordinates which must vary 
for different points of the curve. It is the same with 7, 
which is the radius of the osculating circle, and repre- 
sents the distance of any point of the evolute from 
that point of the involute whence y is drawn; and 
consequently, by differentiating the equation (39), in 
respect of all the letters, and dividing by dx, we shall 
obtain 

and subtracting the equation (40) from this, there 

remains 

dff d0 ^« _ n 
dx' dx dx" ^ 

vlience we find 

da 

dy dx _ ^da 

dx" dp" dp 

dx 

which value of ^ being substituted in the equation 

dx 

(39)> we shall obtain by transposing, 

y-^=^(aT-a) (43). 

da 
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We saw, above, that the equation 

dy 

was that of the radius of curvature, passing throuj^ 
the point whose coordinates are <r and y ; and it wiff^ 
therefore be always the equation of the same radia%^ 

dx dS 

when— -=- is replaced by-^. But the equation (43) is; 

dy , da ' 

also that of a tangent drawn at the point of the ewh 
lutCy whose coordinates are a and jS ; and the radius (jf 
curvature' is therefore a tangent to the evolute. 

Since in the following demonstration we shall have 
to employ the differential of an arc of a curve, we will 
proceed to find that differential. 

The arc of a curve (^)5 is a function of x and y ; and 
y being a function of x, the arc is a function of x. 

The increment of the abscissa, h, that of the ordi- 
nate A:, and the chord c of the increment of the an^ 
form a right angled triangle ; whence we have 

c'=h'-^i\ 
But*=/(a:+A)->=:f^^+fyiL+&c.; 

substituting which value squared in the expression for 
c% and representing the coefficients of h\ h\ &c. by 
Ay By &c. we shall have ^ 
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When A = 0, c = 0. Hence we have 



ds _ r dy^^ 
dx dx"^ 

whence^ multiplying by dx^ we deduce 

da = A^cfor* -h %^ 

For the evolute the coordinates are a and jS ; and for 
it, therefore, we shall have in like manner 

ds = Jd^ird^\ 

If now we differentiate the equation (38) in respect 
of all the letters, we shall find 

(y — i8)(% — ^i8) + (^ — «) {dx — da)^ydy^ 
and equation (39) gives us 

(y-i8)rfy + (a?-a)rf;r = 0, 

which equation being subtracted from the preceding 
one, we have remaining 

'-{y — 0)dp — {x — a)da=iyc^ (44)- 

Substituting in this equation, and in the equation 
(88) the value of y — jS, given by the equation (43), we 
shall find the two equations 

— -^(a? — a)— (a: — a) da^ydy^ 
da 

^V-«)' + (x-«)'=/; 

(tOL 

which, putting d? — a as a common factor, and extract- 
ing the square root of the second, become 

. . d^'-\-da' , 

-(a:-a) -^ = 7^/, 

, aa 

, yda^ -h d$^ 
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and dividing the first of these equations by the aepond^ 
we obtain 

But we have seen, that, representing by s an arc of \ 
the evolute, we have 

comparing which equation with the preceding one, we 
deduce 

c?y= — d>, or rf(7 + *) = 0; (45) 

and since every function whose differential is must 
be constant, we have y + ^ = a constant quantity. And 
therefore if the radius of curvature increase, the arc s 
must diminish, and by the same quantity ; a relation 
which we express by saying that the radius ofcuroa^ 
ture varies hy the same differences as the arc of the 
evolute. 

Thus in fig^(15) y y, 73, &c. being successive radii of 
curvature to the points P P, P3, &c. O O^ O3, are the 
corresponding points in the evolute: and measuring 
from some point B the arcs JBO, BO^ = ^, #„ &c. we 
have, for all the values of 7, 

y-f.* = 7,-f.^, = 73+^3,&C. 

.•.73-7 = *-^,,&c (46) 

or the difference of two radii of curvature is equal to 
the arc comprehended between them. 

It follows from this, that if on the evolute OB 
(fig. 15) we wrap a string BOP^ which, being of 
course a tangent to the evolute at the point O where 
it leaves it, has its extremity in the point P of the in- 
volute, when we unwrap this string, keeping it con- 
stantly stretched, its extremity P will trace out in its 
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course the involute ; for supposing that in the course 
of its motion it has reached the position O^P^^ it wiU 
be indreased by OO^j and will consequently be equal 
in length tor the radius of curvature passing through 
the point O^ whence the extremity P, of the string 
will be still in the involute. 

Tb^ equation of the evolute is determined in the 
following manner: 1"^ we deduce from the equation 

of the curve, the values of y, -^, -^\ ^. we substitute 

these Tsdues v^ the equations (39) and (40), when we 
shall get two new equations, which are functions of x 
alone ; di\ eliminating x between these equations, we 
arrive at an equation between a and ^ ; this equation 
will be that of the evolute. 



CONTACT AND INTERSECTION OF OSCU- 
LATING CURVES. 

* 

An osculating curve may be situated in two different 
ways in respect of the cufve with which it is in con- 
tact : 1"*. it may have its two branches, both of them 
above the curve, as BB^ or both of them below, as CC^ 
(fig. 14.) in which case the osculate will only touch the 
curve: 2*. the osculate may have one branch above 
and the other below the curve, as in fig. (13.) and in 
this case the osculate will cut the curve in the point P. 

We will pMceed to shew in what cMes reiipectively 
these eomffticmstake pldce. > 

For the imme abseissai ^ -k'h 

let K be the ordinate of the curve, 
y, be the ordinate of the osculate, 

F 



We hav^ al>;^«Jt!^ 5»en that if we have {n + 1) cqua- 
tioiia 

wt 9Kfttt Kii^vi^ w Q^ciiktioii of the nth degree. 

In gf^^^^ <te it appears that the osculation of a 
cifcte with any curve is of the second degree ; since 
tht tiww cwistants of its equation give us three equa- 
lioai tilth as thoM above. 
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bsre then 
F=<^ (x^h)^<f>x^Ah+Bh'-\- C¥ + &c. 

Now if the osculate be of the second order, the three 
first terms of these developements will be the same; 
whence the difference of the ordinates, corresponding 
to ^ + A, will be -.i|^ 

(C-C,)A^ + .&c (47). 

Suppose now that the abscissa becomes x-^h; we 
must then change h into— A in the difference of the 
ordinates, which will become | 

-(C«C.)A* + ,&c (48) 

and since by taking h small this term may be greater 
than all the succeeding terms, it follows that the differ- 
ence of the ordinates will change its sign when the ab- 
scissa, instead of being a; + A, becomes x—h. 

Hence the osculate is on one side above the curve, 
and on the other below it, and consequently cuts it. 

This conclusion applies to all osculates of an even 

order. 
If the ikscuhh he of an odd order it wiU touch the 

curve : fiwr we ^hall then have + (D - A) A^ in each 
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But in particular cases it may happen that we can 
obtain another such equation, and thus have the oscu- 
lation at particular points of the third degree. 

We have deduced the expression for the radius of 
curvature y in terms of the first and second diiSerential 
coefficients of the ordinate of the curve : which are re- 
spectively equal to those belonging to the circle of cur- 
vature. 

Let the successive differential coefficients, to any 
number, in th^ curve be represented by 

p q rs &c. 

and those in the circle by 

h k I m &c. 

Then, since we have 

y = 4>{pq). 

if we take its successive differential coefficients, we have 

^^<t>Apqrs) 

&c. &c. 

since we necessarily introduce a new term r, ^, &;c. at 
each successive differentiation. 
In the circle, since y is constant, 

^ = 0=<^,(A*/) 

&c. &c. 

If besides the original supposition |i = A 9 = ^, we 
have also r = / ; then in the curve, 

2=*^'(**^)=o: (49) 

*' 2 
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which is the condition corresponding to 7= a maxi- 
mum or minimum according as -^-?'- is — or + . 

But if we have also « = an, but not / =: o, 

then ^ = <^3(AA/w)=0 (50) 

or the differential coefficient which vanishes being of 
an even order, 7 belongs to a point which is neithd^ a 
maximum nor a minimum. 

Hence we also see conversely that if at any pditit In 
a curve the curvature be a maximum or a minimum, 
the osculation is of an odd order at that point. 

Thus in general the circle of curvature has a con- 
tact of the second degree: but at the jpdirfe'e»&ir pmilts 
in a curve, where the curvature is a maximum or 
minimum, it has a contact of the third degree. 



APPLICATION OF THE DIFFERENTIAL CAL. 
CULUS TO POLAR CURVES. 



In the application of the differential calculus to spi- 
rals, or to curves referred to polar equations in general, 
it is often desirable, instead of the equation which we 
obtain by the common formulae for transformation, 
from the polar to the coordinate equation, to obtain 
one between x and y which shall not contain the trans- 

cendental term, tan."""-, but which will involve differ- 

y 

entials ; and, for this purpose, representing by 

F{6,r) = 0, 
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the equation which it is required to transform into a 
function of the rectangular coordinates x^ y^ it appears 
by the form for transformation, that the value of r may 
be expressed in terras of x and y, without any trans- 
cendental, but that the same cannot be done in respect 
to fl ; on which account, therefore, we eliminate B be- 
tween the equation F (d, r) = 0, and its differential, 
which we will represent by F (fl, r, d6, dr) = ; this 
process will, in fact, introduce into the result the dif- 
ferentials d6 and dr ; but we shall see that these dif- 
ferentials may be expressed in functions of the vari- 
ables Xj y, dx and dy. 
For, first, the formulae for transformation give us 

COS. 6 = -, sm. 6 = ^, 
r r 

dividing the second of these equations by the first, we 
obtain 

. ^^ or tan. ^=^; 

cos. 6 X x 

differentiating, there results 

d6 ^xdy-^ydx^ 
COS.* x^ 

1 

and replacing by its value, derived from the first 

cos.*fl 
of the equations, and suppressing the common factor x, 

we find 

r^d6 = xdy -^ydx ; 

whence, consequently, 

r' 
and putting for r' its value, this equation becomes 
^^xdy-ydx .gj. 

F 3 
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The differential of the other variable is found still 
more easily, for 

which being differentiated, we have 

a^^ xdx+ydy , (52^ 

and, by means of these values of rffl, dr, and r, we shall 
change the equation obtained by the elimination of ^ t 
into another involving only a:, y, dy^ and dx ; and which, 
consequently, will be the equation belonging to the 
rectangular coordinates. 

We have seen that the differential of an arc «, re- 
ferred to rectangular coordinates, has for its expres- 
sion, 

d% = v^fite' -h dy\ 

It may be proposed to find the differential of the 
same arc, when expressed by a polar equation ; and, 
in this case, we must substitute in this equation the 
values of dx and rfy, derived from the equations 

0? = r . COS. 6yy = r . sin. 0. 

Now, by differentiating these equations, we shall 
find 

dx^ -^r sin. 6 .d6-\- cos. flrfr, 
dy=z r COS. fl rffl + sin. flrfr; 

whence, squaring thqse last equations, and reducing 
them by means of the formula 

sin.'fl + cos.'d=l, 

we shall obtain 



d%=:^r^dV^~dr'\ (53) 
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which is the differential of the arc in a function of the 
polar variables. -. 



ON SUBTANGENTS AND SUBNORMALS, TAN- 
GENTS AND NORMALS, TO POLAR CURVES. 

In curves referred to rectangular coordinates, the 
subtangent MT (fig. 2.) is the line intercepted between 
the foot M of the ordinate, and the point T in which a 
perpendicular, MT to that ordinate meets the tangent. 
Retaining the same definition for polar curves, in which 
the ordinate is no longer PMy but the radius vector 
OF, the subtangent wiU be then the line OT, drawn 
perpendicular to OP, (fig. 17.) and comprised between 
the point O and the point 1\ in which that perpendi- 
cular cuts the tangent. The subtangent therefore has, 
in polar curves, a position different to that it has in 
curves referred to rectangular coordinates, since in 
these the subtangent is always measured along the axis 
of the abscissa, whereas in polar curves, in which that 
axis no longer exists, the subtangent varies its position 
at every point of the curve. 

To find the value of the polar subtangent. Taking 
two successive values of the radius, r and r-^k (fig. 
16.) corresponding respectively to the angles 6 and 6 + 
X, draw the secant joining their extremities : and from 
r + k cut off r; and let the line joining this point with 
Phe h; through the pole draw S parallel to A, and 
produce it to meet the secant. Then by similar tri- 
angles we have 

s h 

F 4 
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s _ chord. X 



r (r -f A) k 

But k and chord % vanish at the same time: hence 
when A = we have, 

s de 

Under this condition the secant becomes a tangent at 
P ; s becomes the polar subtangent ; and we have 

9ubtangept ^ ^ {H)'> 

dr 



To find the subnormal : since the norm^ i9 dr^wn 
perpendicular to the tangent^ we h^ve from the right 
apgled triangles {m being the subporqial) 

s r f^ 

- = -, .-.wrr- ; 
r m s 

or substituting the value of s^ 

r^dr 

dr 
or the subnormal = ^ (53). 

Also from the right angled triangles we have the values 
of n the normal and t the tangent, 

and substituting in these equations the values of r, m^ 
and Sy we find 
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normal = y(r'+^) (56) 

tangent =r^/(l +r'^\ (57). 



ASYMPTOTES TO POLAR CURVES. 

From the expression for the subtangent we obtain 

s rdB 
r dr ' 

but fmrn the right angled triangle, writing ^ for the 
angle which the tangent forms with the subtangent^ 

s s 1 



r s tan. <^ tan. 4> 

rd6 1 

• «^» • 

£&* tan. ' 
or -^ =r tan. ^ .... (58). 

From the value of which when r = oo, we may de- 
rive the asymptote, as in coordinate curves. 



eaap 



To express the value of the perpendicular drawn 
bom the pole upon the tangent. 

We have obviously right angled and similar tri* 
angles formed by the radius, the normal, and the polar 
perpendicular, which last we may write =p ; whence 

r" n^ 
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_ r* r'dff 

r*dff +d r*~ r'dS' + dr'' 

d6' ~ 

Whence «' = -?— -^ 
^ r'de' + dr' 

f^^ 



±^{"-0') w 



Some writers express polar curves by means of equa- 
tions between r and p : and we shall find that in seve- 
ral cases this method is of great use. 



DIRECTION OF CURVATURE IN POLAR 

CURVES. 

If the equation to a spiral be expressed in terms of r 
and J9, as in (59)9 it is evident when the spiral is con- 
cave (fig. 17.) towards its pole, as r increases or de- 
creases, jo increases or decreases, or the difference r^^r 
has the same sign as p^ — J9. If the spiral be convex, 
(fig. 18.) as r increases jo decreases, or ra — r has a dif- 
ferent sign from p^ — J9. Hence the ratio of these in- 
crements will in the first case be +, in the second — . 
But p being a function of r, we have the develope- 
ment of/* (r + k) by Taylor's series ; or, 

whence the ratio of the increments. 
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and since when k is small, the sign of the whole, that is, 
of the ratio of the increments, is the same as that of 

-^, according to what was just observed. 



if we have + -^ the spiral is concave, 

ar 

— -^ convex. 

ar 



(60). 



If the spiral change from concave to convex, ^ 

clt 

must change its sign, or at the point of infiexion 
^ = or= oc. Hence the values of r, which gives 

either of these conditions, will shew the point of in- 
flexion. 



ON THE DETERMINATION OF THE EX- 
PRESSION FOR THE RADIUS OF CUR- 
VATURE IN POLAR CURVES. 

The expression for thp.. radius of curvature, referred 
to rectangular coordinat^^ assuming the positive sign 
for 7, is 

das' 

That this value of y may be expressed in terms of the 
polar variables, we must eliminate the differential co- 
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efScients which enter into the fonnula by means of 
following equations, 

m^r cos, O^yz^r sin. 0; 

which, being differentiated, and the results divided the 
one by the other, we shall obtain 

dy _^dr sin. fl + r cos. idA ^ ^ 
Sx^ dr cos. fl— rsin. fldS* 

and, representing the two terms of this fraction by m 
and n^ we shall have 

m=zdr sin. fl + r cos. dO, 
uzsdr cos. d— r sin. $dO. 



and consequently 



dy_m 
da: n 

dy^ _ wi* , 



or' n' 



by means of which last equation we find for the nume- 
rator of the value of 7, 



and raising each term of this fraction to the power -, 
and observing that the power - of »' is »^ we have 

Ml 

Differentiating now the equation Jl = — we shall find 

c^ ndm-^mdn 
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«i4 divkyur^ the first iride of this equdtion hf d(t, «tid 
the second by n, which is equivalent td Ar, w^ shall 
.have 

d'y ndm— mdu 

By means of these values given by the two last equa- 
tions, the expression for the radius of curvature be- 

(«»• + n'f 

and we have now only to transform this equation into 
L a function of and r ; for which purpose we must de- 
termine first the value of n^ + m', by adding the squares 
of the value of m and n, and reducing by means of the 
equation sin.'fl -f cos.'flsrl J Wittff we shall find 

To obtain the denominator of the equation for 7, we 
must differentiate successively the equations for m and 
n, considering dO as constant ; and multiplying the re- 
sults by n and m respectively, we shall find 

ndm^nd^r sin. b^^ndr cos. OdO — nr sin. 6de*, 
mdn = md^r cos. B — 2mdr sin. 6d0 — mr cos. OdS'j 

whence^ subtracting the second equation from the firsts 

we have 

ndm — mdn = d^r {n sin. — m cos. B) 
-f arfrrfft {n cos. fl -f w sin. fl) 
— rdS" {n sin. fl — «» cos. B) 

Now, multiplying the first of the equations for m 
and fif by cos. 0, and the second by sin. 0, subtracting 
the one from the other, and reducing by means of the 
relation sin.*fl + cos.'fl = l, we shall obtain 

n sin. B^m cos. fl= ^rdB; 
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and the value of n cos. 0-\-m cos. being determined ^in 
a similar manner, we shall find 

n cos. B^m cos. $ = dr. 

Substituting these values in the equation above, it be- 
comes 

ndm — mdn = — rd'rdO + Stdr'dB + r^dfi, 

and the values thus determined, change the equation 
for y into 

' iOr'de - rd'rde + r'dfi ^ ' 
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THE PRINCIPLES 



OF THE 



INTEGRAL CALCULUS. 
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INTEGRAL CALCULUS. 



#* 



General principles. 



X HE Integral Calculus is the inverse of the Differen- 
tial. The object of it is, when a differential, or ex- 
pression involving a differential is given, to find the 
quantity whose differential it is; this original quan- 
tity, considered as deduced from the differential, is called 
the integral of that differential. The process for find- 
iog it is called integration ; and is usually represented 
hf this notation : — 
Suppose we have given 

iben we write, 

y^Jky^Jkfx. 

symbol /^signifying the operation of obtaining the 

of the expression to which it is prefixed. 
Ezpirensions to be integrated may be classed under 

general divisions. 

'-I. Expressions which contain thft differential of the 

invplved in such a Jbrm as arises from any 

Ae processes of differentiation : and which are 

mfixve directly integrated by the inverse process. 

Under this head may be included certain other ex- 

G 
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« 

pressions, which are easily reducible to this form ; and 
these principally of two classes. 

1st. Expressions reducible to the form of jpie loga^ 
rithmic differential. 

2d. Expressions reducible to the form of some of the 
differentials of trigonometrical functions. 

All these expressions consisting of one term, we ^ 
refer to the same class expressions consisting of a series 
of terms J each of which separately belongs to this class ; 
and consequently being separately integrated^ the sum 
of the integrals gives the entire integral. 

II. The second great division comprises expressions 
containing a differential involved with some Junction (^ 
the variable^ which does not arise from the process oj 
differentiation ; and this class is subdivided according 
to the nature of such function. 

The general expression will be 

/fx . dxy 

where yi: is either, 

I. Algebraic. 

r Rational \J ^f 
J ( fractional. 

l Irrational. 

II. Trigonometrical. 

III. Exponential. 

Of Algebraic functions, those which are rational, in 
all cases admit of integration. For those which are ir- 
rational there are no general principles of integration : 
Many forms have never yet been integrated, and in the 
others much difficulty occurs. Certain classifications 
of them have however been effected, which enable us 
to integrate a considerable number of them. 



1 



INTEGRATION 

OF 

SIMPLE ALGEBRAIC DIFFERENTIALS. 



The mode of obtaining the integrals of simple dif- 
ferential expressions, follows obviously from the prin- 
ciples of differentiation. 

1st. Since d (x±a)=z dx, 
we have 



rdx^x^^Uy 



which is usually written in a more general form 

= ^ + C (1); 

C representing a constant quantity, the value of which 
cannot be deduced from the given differential ; but in 
particular instances may be determined from the con- 
ditions of the case. 

This remark applies to all subsequent cases : where 
the addition of the constant, if not expressed, must be 
always understood. 

2dly. Since dax = adx^ 

CdcLX = aCdx = ax (2). 

Sdly. Since d {u.v .. .z) 

=:du . vz , . . , + dv . u% +dz.uv . ... 

r.Adu. vz + dv . tt2s, &c.) = w . v . z.kc. (3). 

G 2 
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4thly, In like manner, since 

y ? 
.•./tMir?^)=? (4) 

J \ y. J y 

5thly. Since d {u±v±%y &c.) 

=:du±dv± fife, &c. 

r . /\du ±dv ±dz9 kc.) = u ±v ±Zy kc (5). 

6thly. Since dx"' = mx'^^^ dx^ we have 

/* x^ 

and .*. /a:'*""'rfa: = — ; 

or, since the differential is the quantity which is first 
proposed to us, 



y.»rfar = _-- (6). 

This is usually enunciated in the following rule : to in- 
tegrate x'^dx increase the index by unity j and divide 
by the index so increased^ and by the differential. 



These are the most elementary cases, in which the 
integrals are immediately found; and several of the 
same rules may be extended to more complex cases. 
These we will now proceed to examine. 

We may first remark, with respect to the constant, 
which is always to be added, that if the conditions of 
the case are such that the value of the integral cor- 
responding to any particular value of the variable is 
known, then the value of the constant may be found. 
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Let the integral \^fx + C, and suppose it known by 
the conditions of the question, that when Xz^a 

fxz=A . .A:=zjh + C. 

Whence A -^fa = C 
. • . the value of the integral is 

fx-'fa^A. 

This is frequently simplified by knowing, that for the 
value 0? = a, the integral = 0. 

And still further, if this value of a? be = also ; in which 
case C=0. 

The consideration of the constant is then in all 
cases necessary for obtaining the complete value of the 
integral. If the integral be in the form fx^C^ in 
which C is undetermined, it is called the general or in- 
definite integral: when in the form^— ^-f -4, it is 
called the particular or definite integral. 

If we suppose that the integral vanishes when a? = a, 
the expression in this case becomes 

whence C=» — ^. 

And we have in general the integral =^ — ^. 

The integral is in this case supposed to commence 
from the value when xz=ia^ and at any indefinite 
value of the variable x has the value assigned ; viz. 
fic'-fa. 

If now we give to a? a second determinate value i, 
then this particular integral will become 

or we have the value of the portion of whole integral 
comprised between the values a and h of the variable : 
in this case we are said to integrate between the limits 
a and b. 



G 8 
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There are one or two more complex cases which are 
readily reduced to the preceding rules. 

1. Every polynomial, such as 

(a -f io: -f co:' -h . . .) * dx, 

where n is a positive integer, is integrated by merely 
expanding the polynomial, and then integrating each 
term separately. 

2. Every expression, such as 

(fx) \ dfx 

composed of two factors, of which one is the diflFeren-. 
tial of the first power of the other, is integrated by 
writing 

fx^% and.'. dfx =:dz. 

Whence by substitution 
and the integral is 



^n+ 



' +C^iMll + C (7). 



n+1 n+1 

3. The same principle will apply also if one factor 
differ from the differential of the other only as to the 
constants ; as in the form 

{a + bx'')^mx''''^ dx; 

here we have 

d{a + hx"") = nhx""-^ dx : 

let a-f ia?~ = « .'.dz^nhx^^^dx, 

and -^ =a?'*""'rf!ii?. 
no 

Hence, by substitution, the original expression becomes 
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= — =-25 (IX \ 

no no 
the integral of which is 

HL^JL. %p^^^C (8). 

no p-\-l 

Which, substituting the value of », gives the integral 
of the original expression. 



INTEGRATION BY PARTS. 

The elementary case of integrating the differential 
expression, which results from the rule for differentiat- 
ing a product of two variables, gives rise to the method 
called integration hy parts, which is of extensive use. 
If we have 

d .uv = udv -f vduy 
integrating and transposing we have 

J udv =iuv --^ fvdu (9). 

This formula enables us to find the integral of udv 
from that of vduy which in many cases we can obtain ; 
and from which therefore we have the whole integral. 
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INTEGRATION OF THE LOGARITHMIC DIFFE- 

RENTIAL, AND OF EXPRESSIONS RE- 

DUCIBLE TO THIS FORM. 



The rule for integrating x^'dx. 
When m= —1 gives 



/ar~' dx = — |-C=oo, 



but this form could not arise from differentiating -, 

which admits of no differential. We may however 
find the value by observing that — is the differential 

of log. 0?, or we have, 

J^^iog.x+a : (10). 

It may here be proper to observe, that when the in- 
tegral is a logarithm, the constant C may be introduced 
as a factor of the quantity whose logarithm we are con- 
sidering. 

For since the constant quantity must be equal to the 
logarithm of some quantity, we may write 

C=log. a ; 

hence we have the integral, 

= log. X -f log. a 
= log. (ax). 

To this form (10), certain other expressions are re- 
ducible, and which are therefore integrated by finding 
the logarithms. 
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1st. We have obviously 

x-^-a J xjf-a 
=:log. (a: + a) + C. (11). 

^dlj. In the same manner, 

Pno^-^dx __ rd { or -h of) 

=log. (a»+^) + C (12). 

Sdly. The following differentials are also reducible to 
the same form ; 

adx 



a+bx 



Let a+bx=:z 

d% 



r.dsiszbdx r.dx=^-=- 

b 



adz 



adz 



b(a+bx) bz 



. /• adx Pa dz a^ . ^ 
^ a^-bx ^ b z b ^ 



a 



=^log. (a+ia?) + C ....(13). 
In the same manner. 

In these cases the mode of proceeding is sufficiently 
obvious ; in the following instances it is less so. They 
are usually called the logarithmic forms. 

I. Let the given differential be 

dx 

y/W±aJ'' 

Let 0?" ± a* = t?% 
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. ' . taking the differentials xdx = vdv 
. dx _dv '\-dx = d{V'\-x) 



V t?-i-ar 



da^ 






^x^ ± a" 

= log. Ki"±a"+^)-hC (15 

IL Let the given differential be 
dx 
^x' ± 2ax ' l^t v' = x'±2aj^ 

.'.vdv = {x±a)dx 

da* _dx + dv = d (V'\-x±a) 

V v-\-x±a 

'''/-T========== = log.(x + a-\-^^x' + 2(ix) .... (16 

in. Let the given differential be 

2adx 



a^'-x' 



^,. dx —dx 

this = — 

a'\-x a—x 

''J^r~i=^^S' (« + ^) -log. (a-x) 
^ a —X 

=log. ^±^ (17) 

a—x 

IV. If the form be ^^^^ 



X' - a' 



we have, by a precisely similar process, 

\adx 

4- 
adx 






V. Let there be given - ^ 
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and take a^--ai' = tf 

axdx __ -y^y _ ^y 

the integral of which bj form III. is 

* * a-y ' * a + y 

a — y X 
=log (19). 

VI. If the form be ^^ 



by a precisely similar process from form IV., we have 
the integral 

= log. -^J: (20). 



THE INTEGRATION OF TRIGONOMETRICAL 

DIFFERENTIALS, AND OF EXPRESSIONS 

REDUCIBLE TO THIS FORM*. 



If « represent any circular arc, and we have 

x = sin. %y 
then differentiating by (form 9), we obtain 

da = cos. ^%9 
whence we obtain 
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T dx 
dz = ; 

COS. z 

but the equation cos.' »+sin. *z=zl, gives us 



COS. » = '/l — sin. 'z = Vl— 0?" ; 

substituting this value, therefore, in that of dz, we 
obtain 



and consequently we find, by integrating. 

To determine the constant ; since the arc s is at 
the same time with the sine x, the equation will^ on 
this hypothesis, be reduced to = C, and consequently 

A^= = sin.-'^ (21). 

On the above integral may be made to depend 
that of 

dx 



for by dividing the two terms of the fraction by a, we 
shall have 

dx J ip^ 



^ / ~z^^ J 



O: 



a* a* 

X • 

and since this integral is composed of -, in the same 

a 



manner that P — 3 is of ^, it follows that 



CIRCULAR ARCS. 93 



A== = 8in-'- (22), 



dx 

which is the form for the same arc to radius a. 

\ Having thus the means of integrating the differen- 
tial of a circular function, we may apply the same 

\ method, whenever we have an expression involvings 
any variable in the form 

dx 

The integration being effected by finding the value 
of the arc whose sine to radius a=iX. 

The same principle applies in all the subsequent 
cases of the trigonometrical functions : and expressions 
thus integrated are said to be integrated by circular 
arcs. 

2dly. If we have a? = cos. x, by differentiating we 
obtain 

dx= — sin. z . dz. 

dx 
Whence, «&= — r 



sm. z 

and putting for sin. ss its value from the equation 

cos.'o: + sin.'a; = 1, 

we shall obtain 

, dx 



\/l— COS." z 

or, since cos. « = a?, 

^ dx 



VI "X' 

whence, integrating, we shall have 

y ^ "" ■ . = cos. ~' a; + C 
VI -X' 



'i^ 
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To determine the constant, when x=:0, C- — ^ 

is also ; in this case, then, the equation is reduced to 

O = cos.-'0-|-C; 

but in order that the cosine of the arc maj be 0^ that 
arc must become = - , 

which gives us 

and substituting this value, we obtain 

/'-;^=j~= -(i^-cos-'o:) .... (28). 

Sdly, If 0? = tan. «, we find, by differentiating. 



cos." 85 

and consequently 

dz=zdx . COS.' «. 

But since by Trigonometry, 

1 

COS. « = , 



sec. % 
we shall have 



COS.' J8 = 



sec' % 1 + tang.' z 1 + or* ' 
whence, substituting this value, we shall find 

dz=zdx . ; 

and, integrating, we shall have 

dx 
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And since when a; = 0, % becomes 0, and we have 

= C; 
and therefore 

/lf^ = tan.-'a: (24). 

We may bring under this form the integral 

Por, dividing the two terms of the fraction by a% we 
may write it thus, 

dx dx 



1-f-- 1+ — 



and since this integral is composed of -, as - i t , is 

a qjl+x 

of a?, we shall have 

P-^—^ -Itan.-- (25) 

which is the same form to radius a. 

4thly. Let also x be the versine of « : then the cosine 
and versine being together equal to unity, we' shall 

have 

X -f COS. » = 1 ; 

and, by differentiating, 

dx = dx . sin. z ; 

whence we deduce 

J dx 
dz = -i : 

sm. z 
but 



sin. S5 = \/l — cos.' 2s = \/(l — COS. z) (1 -f cos. %) 

=:^/x{2'-X); 
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substituting, therefore, we have 

J dx 



and, by integrating, 

y=versiTi.~'j? (26) 

We add no constant, because when a; is 0, 2 is also 0. 
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INTEGRATION OF FORMS NOT ARISING FROM 
THE PROCESS OF DIFFERENTIATION. 



We now proceed to the second great division of the 
Integral Calculus before pointed out : which is in fact 
lijr hr the mdst extensive and important ; but at the 
same time^ in many parts involving investigations of a 
nature which will not fall within the plan of a work so 
completely elementary as the present. All that we 
shall attempt, will be to explain the fundamental prin- 
ciples of these processes ; referring the reader, who is 
desirous of prosecuting the subject further, to the more 
extensive treatises already quoted. 

The cases we have now to consider, are, as before 
stated, those of differentials affected by coefficients, 
which are some functions of the same variable, not 
arising from the process of differentiation. 

The peculiar means of integrating such expressions 
will depend upon the different forms of the functions, 
and the means we have of reducing them to simple 
terms, which can be integrated by the methods already 
pointed out. 



H 



98 INTEGRAL CALCULUS. 



DIFFERENTIALS INVOLVED WITH ALGEBRAIC 
FUNCTIONS OF THE VARIABLE. 



Of these we shall have two principal subdivisions ; 
those which are rational, or involve the whole powers 
of the variable ; and those which are irrational, or, in 
which the indices are firactional ; and in each subdivi* 
sion we shall have to distinguish the case where the co- 
efficient is in the form of an integer, or of a fraction. 



RATIONAL INTEGER COEFFICIENTS. 

This case may be represented bj the general form 

{Aaf' + Bxf'^-Caf^-. . .)dx (27) 

And any function which pan be reduced to such a form 
with a finite number of terms is readily integrated, by 
integrating each term separately, and taking the sum. 



RATIONAL FRACTIONAL COEFFICIENTS. 



In the case in which the coefficient of the differen- 
tial is a rational function of the variable in the form of 
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firaction, that is, containing the variable both in the 
aumerator and denominator, we must have recourse 
to further considerations. 

Since we shall, in what follows, have occasion to 
apply some propositions derived from the theory of 
equations^ it may be convenient briefly to premise 
them. 

It is easily shewn by the theory of equations ; 1. that 
an equation which has only real and unequal roots is 
made up of factors of the form, (x — a). 

S. That if any number m of these roots be equal, the 
equation will have one factor of the form (a: — «)"*. 

S. If it have a pair of imaginary roots, it must con- 
tain a factor of the form (a: -h a)' -h )S^ 

4.. If it have m, such pairs it must contain a factor 
of the form 



((x-ha)"-h)S') 



m 



In order to investigate the means of integrating dif- 
fisrential expressions involving a fractional coefficient 
containing whole powers of the variable, we will take, 
as the most general representation of such an expres- 
doDy the form^ 

P,af + Q,af^' '\-B,x-\-S, ^' 

in which the multiplier of dx is a rational fraction. 
We win first shew that in the given expression, we 
may dhioays assume n greater than m; for if this 
should not be the case the integration may be reduced 
to that of a differential of the same form, in which the 
highest power of x in the denominator is greater than 

H S 
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the highest power of x in the numerator, by simplj di- 
viding the numerator by the denominator when ar- 
ranged in descending powers of x, as in the following 
example : 

Let the expression be 

P^jhQ^jrBx + S 
Q,x' + E,x + S, ' 

dividing first by Q,, we shall have 

jfi 4- -^X A X A 

Q. Q, Q, Q, 

X 4. -X A ? 

or, writing these fractional coefficients as single terms, 

pX^ArqX^-if-rXArS 

x'A^r^XA-s^ 

But, performing the division^ we should hence have a 
result in the form 

X" Arr^X+8^ 

and we should have to find the integral of this expres- 
sion multiplied by dx^ or, 

flpx + m)dx+ ( jctr 

which will be 

^ — + ffix -h / 1 ]dx 

2 J \x^ ^rjxi-{-sJ 

so that the integration is reduced to that of this la-st 
term, which is of the original form, having n>m. 
Thus we may take as the most general form 

Pa>-' + Qaf^' + .....Bs + S^ (28). 
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The denominator will, by the theory of equations, be the 
product ofm, factors (a:— a) (a? — ft), &c. 



Case I. Let the roots he real and unequal. Sup- 
posing we have solved the equation 

and having found that it is the product of the factors, 
0?— a, 0? — ft, 0?— c, &c. assume 

Par^' + Qaf^..+Ex + S ABC. 

7—^ ^c o = 1 T + 1- OCC. 

^ + Qa^'^' • -^-Bs^ + ^a 0?— a 0?— ft X — C 

Reducing then the second side of this equation to a 
common denominator, the numerator of each of these 
fractions will be multiplied by the product of the deno- 
minators of all the others, i.e. by a polynomial in terms 
of X of the order {m — 1) ; and the second side of the 
equation will consequently be a polynomial consisting 
of m terms. It follows, therefore, that if we equate 
the coefficients of the same powers of x on the two 
sides of the equation, we shall have m equations of con- 
dition for determining the m coefficients, A^ JB, C, &c. ; 
and these coefficients being known, we shall then only 
have to integrate a series of terms such as 

Adx Bdxo 
a?— a X — ft 

^nd the integral will therefore be 

^ log. (a; — «) + jB log. (a? — ft) + &c. . . . + C . . . (29). 



H 3 
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Case II. Let the roots be real and equal. In tlii 
case» therefore, the form will be 



^^ a • a • 



(x — ay 



dx (SO). \ 



If we took this in the same form as in the last case, 
we should have 

A B 

+ + 



x—a x—a 

A+B+C+ a . . . 



or. 



X — a 



where the numerater being in fact one constant, we 
should not have the (i») equations for determining the 
constants. 

To avoid this we may proceed as follows : 
Let us write the expression in this form, 

A+Bx-\-Cx' + -hPar-' 

{x — a)* 

This may be put under a form which will enable us to 
integrate. Let x-^a^z .\x = a-^z, substituting this 
value, the expression becomes. 



A -h Ba + Ca' -h.... B + 2 Ca-^. . . 

~--~~— — ": I _ — z "T* . • . • 



or, writing for the constant numerators, a, /3, &c. 



,m — z 



(o? — fl)*" (x—a) 
Thus, from the constants in the given equation we 
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I have the talues of a, /S, &c. and we have onlj to inte- 
l gtete a series of terms, 

adx p, dx 



,m — I 



-&C. 



rj^dx_^r^dx{x^aY- 



which are all expressed bj the general case 

a dx 

{x-ay 

and smce (replacing z) dx=zd {x^a)=: dz, this is inte- 
grated by the form (7.) ; which is. 

In this case then we have, bj substituting in this 
form, 

a 



(l-w)(x -«)"*-' ^ ^ 

Thus, if all the roots be equal, we have to integrate a 
series of terms aU of this form. If only some are equal, 
the remaining unequal values may be integrated as in 
the former case ; and the sum of the integrals taken. 



Case III. Liet the expression contain imaginary 
roots. 

1st. To. begin with the simplest case, since imagi- 
nary roots enter equations by pairs, let us suppose the 
denominator of the fractional coefficient to contain one 
pair of imaginary roots. In this case, according to 

H 4t 
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what was at first observed as arising firom the theorf^^ 
of equations, we must have the expression of Hat'^, 
form ' 

±Z. ILlllll .dx (82). 

{X'-a){x^b) {{x+ay + 13*) ^ ^ 

The last factor is the product of the two imaginary 
roots : let it be written = (a: — A) (a? — ^). Then, as in 
the first case, we have to write this fraction equal to 
the series of terms 



x — a x — b 0?— A x^lt 

But the last two terms, reduced to a common denomi- 
nator, become 

{x — h) {x--k) 

which, collecting the terms, may be written 

_ Mx+N 

Thus we shall have the series of terms, 

Adx , Bdx , Hdx , Mx+N , 

x — a x — b x — h (x+ay + P 

and having determined the constants Ay JB, . . . . H^ 
My Ny by the process already employed, all these 
terms, except the last, will be integrated by logarithms ; 
in respect to the last, it will be integrated in the man- 
ner following : 
making j? + a = «, it becomes ^ 
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-. and lepresentiiig the constant part N'^ Ma by P, it is 
reduced to 

an expression which resolves itself into 

Mzdz Pdz 



To integrate the first, we must observe that %d% being 
the differential of z* + ^s with the exception of a con- 
stant factor, we may suppose ss' + ^' = y, which will give 
us, by differentiating, 

%dz = ~^\ 
2 

and substituting these values, we shall obtain ^, 

'2y 

whence the integral will be 

^log. y=^log. (as«+^0 = ylog. [(a:+a)'+/3'] 

M 

= :^log. (^ + 2aa? + a' + iS») 

2 
= il!f log. (,r» + 2aa:+a'+iS»)^. 

In regard to the expression -^ — — , by dividing the two 

* I p 

terms by /3% it may be brought under the form 

dz 

and we see that its integral is 

P. _,« N—Ma^ _,a?+a 
-tan. '- = tan. ' — — ; 

/3 /S /5 /S 
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lastly^ therefore, 

+ ^^^"tan-.^"- (33). 

2dly. Let us take the case where the denominator 
involves several pairs of imaginary Jactors. 

When the fraction has in its denominator equal 
imaginary factors, it will contain one or more factors of 
the second degree, of the form (a?* + 2ax + «' + ^Yf ac- 
cordingly as it contains one or more groups of equal 
imaginary factors. The factor 

will correspond to the series of terms 



x JT, + J^2^ 



(a?' -f 2aa? -f a' -h iSy (a?» + 2aa? + «» + i8')^' 



Y (34), 



-h — — ^ ' ' ^,.- ■ . . • + 



(a?' + 2aa? + a" -f /3')P-» 0?' + 2aa? + a' + P' 



and having proceeded in the same manner for the other 
groups of equal factors, we must determine the con- 
stants 

Hf Ky -Hj, K^9 -H3, JK3, . . . /Tjfe, Kj,y &c. 

as before. 

Multiplying then by dx, we shall have only to in- 
tegrate each term separately, which may always be 
done if we know how to integrate the first term of the 
series multiplied by dxy since all the others are of the 
same form. For this purpose we shall put the term 
under the form 
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H^Kx 



[(«+«r+jS'] 

making a; + a = x, it will become 

H-Ka-\-K% 



dx\ 



dz I 



and representing the constant part JS—Ka by M, we 
shall have to integrate 

a fraction which may be resolved into the two 

Kxdz _ Md% 

To integrate the first, since zdz is the differential of 
«* + ^y except as to a constant factor, we will suppose 
«* + jS* = y, whence we have xd% = ^rfy, and substituting, 
we shall obtain 



^ ...(35) 



rKzdz ^r\x.± = lKftrdy 

2 'l-;) 2 l-i> 

It remains now to integrate --,or JIf (as* + I3^)'^dz, 

to arrive at which integral, we shall deduce it from 
that o{f{z*-\'^ydz, in the following manner : 
We have obviously 

(«' + isydz = {%' + I3'Y-" («' + P') dz ; 

or^ performing the multiplication, 

(«' + iS^y^rfss = P' («' + iS')^- 'dz + (i8» + »y- ' z'dz. 
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and integrating, we shall have 

/(l3'+z'ydz = P'/\%'+py-'dz + /1[i8«+«y- Vcfc (86); 

Of the two integrals, on the second side of this equa- 
tion, we shall leave the first under the integral sign ; to 
the second we shall apply the method of parts. For 
this purpose, multiplying and dividing the expression 
{^'•{■z')''''^z'dz by 2, we shall put it under the form, 

then {^-t-z')'-' 2xdz will be the diflferential of 

(jS' + iK')" 

9 

P 

SO that this expression will become 

2 p 

and comparing it with the formula 

/udv = UV'- fhduy 

2 p 

whence we shall find 

\^ + %y d% 

2^ 

Substituting this value in place of the last term of the 
equation, and putting the constants without the inte^ 
gral sign, the equation will become 



• K 



ft {^ + z') -«2«^« = ^(E±^r _ rM± 

c/ 2 2 p *^ p 



Jits' + zydz = j8y*(/3» + z'y-'dz 



z{f+zy_ 1 

2 
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transposiDg the last term on the second side, and re- 
ducing, we shall find 

which, dividing by ^ , becomes, 

1 + 2p •^^ ^ '^ 

Now recurring to the original form which we had 
to integrate, viz. 

we shall be able to assign its value by the above ex- 
pression if we change J9 into— j>: by which it becomes 



2pi8» 



.J"{P'^z')-p^\dz (37). 



l-2p 

Here the quantity to be integrated in the last term is 
of the same form as the whole or quantity to be inte- 
grated on the first side, but having its index less by 
unity. 

Hence for the integral of this last term we should 
have to substitute an expression of the same form as 
the whole, with the substitution of— (j9 — 1) for— jp. 

And here again the integral of the last term would 
be found in a similar way, the index becoming— (j9-. 2); 
thus the process would be continued tiU we had the 
last term with an index = —1. Thus the final expres- 
sion to be integrated would be 
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(^+zT'dfc = ^^ (88). 

This is one of the forms which are integrated by 
circular arcs^ and we have its integral 

1 ■"« 
- tan. -. 

/3 /3 



From the preceding investigation we may remark, 
in general, that in each of the cases respectively, the 
process turns upon integrating expressions reducible to 
one or more of the following forms ; 

Case I ^"^^ ^ 



XL 



a: — a 
Adx 



{x - ay 
\Mx-^N)dx 



III. < 



{Mx+N)dx 
{x' -f ay 



And these integrations are all ultimately referred to 
one of the simple forms for powers, logarithms, or tan- 
gents. 

Thus in all cases where the coefficient of a differen- 
tial is a rational function of the variable, we can inte- 
grate the expression, supposing we can discover the 
factors from the multiplication of which will result the 
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expression^ which forms the denominator of the co- 
efficient. 

We have here investigated the modes of proceeding 
in their most general form: for further details the 
reader must refer to larger works. 
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INTEGRATION OF DIFFERENTIALS INVOLVED 

WITH THE VARIABLE IN IRRATIO- 

NAL FUNCTIONS. 



Under this head there are often considerable diffi- 
culties in effecting the integration, and there are many 
cases which the skill of analysts has never yet suc- 
ceeded in reducing to an integrable form. Nor have 
any general principles been discovered, though the 
principal cases which have been integrated have been 
classed under certain general forms, which we shall 
proceed briefly to explain. 

We may however first observe, in general, that the 
principle of proceeding consists in this. The expres- 
sion, which is an irrational function. of x, may be a ra- 
tional function of some function of a. Thus, suppose 

p 
an irrational function, as (Jx)9, enter mto the expres- 

p 
sion, then if we can find (Jw) ? = (<^)** reducing the 

whole expression to terms of this second or rational 

function, we may integrate in terms of it, and then 

substitute its original value. 



The principal forms -of irrational functions which 
have been integrated, may be reduced to the following 
classes. 



i 
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I. Those simple forms which we have already inves- 
tigated by means of circular arcs. 

II. Differential expressions in the form of a rational 
Junction of an assemblage of functions ofx, some or all 

of which BSte themselves irrational^ or denoting, a ra- 
tional function by the symbol F ; this class may be re- 
presented by the form 

F{af,xi' X* ..A dx (39). 

This expression is easily rationalized in the follow- 
ing manner : 

1^ Taking the firactional indices and reducing them to 
a common denominator, we have 

sp rq 
sq sq^ 

which we will write respectively equal to 

V w 

m m 
And let a? = y~ .\y = xm 



w 



.\dx=zmy'^^^dy. 
Hence also the rational function 

Then, by substituting these values, the whole expres- 
sion becomes 

F (y'"^, y% r) my^-' dy (40), 

which is integrated as a rational function of y : and 
then the original value of y in terms of x substituted 

I 
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III. Expressions of the form, 

F {x, {A + Bai)i, (A + Bxf. .^dx... (41). 

Here let A-^Bx^y; 

whence x = ^'L - 

JtS 

• • O/X ss -— — - • 

B 

Hence the expression becomes 

^^F{y^,yuy^..).dy ....(42), 

which reduces it to form II. 
IV. Expressions of the form 

Here, as in the last case, writipg 

A^Bx 

=y 

a^^X ^ 

we obtain 

Bx — fixy :=zay''Af 

J ay— A 

and .:.^ = ^ — ^, 
B-^y 

by substituting which we may reduce this like the last 
case to form II. 

V. Expressions of the form 



F{x,^/A^Bx + Cx') dx (44). 

Of which there may be two cases : the term Cr* may 
be positive or negative; if it be positive, we shaU 
write the expression thus. 
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but if that term be negative, we shall consider it as the 
product of+C by— or", and then the radical may be 
put under the form, 

— ^A B 

or putting, for greater simplicity, 

A B . 

we shall have to integrate the two expressions 

F (a?, Vfl5 4. Ja? 4- a^) dx, F{x, ^a-^hx—x") dx. 
1st. We will take the expression 

F {x^ ^a-^-bx+x') dx (45). 

Here, in order to obtain, by a transformation, the 
values of x^ dx^ and Va + 6a? + a:', in a rational function 
of a new variable «, we will suppose 

\/a + hx-\-x^^%-\'X. 

Raising this equation to the square, and suppressing 
the terms x^ on each side, it becomes 

whence we deduce 

z^ — a 

and by means of this value we obtain 



V« + Jo: -h a:' = t — sr + ^ » 

6 — 22 



or, reducing to the same denominator, 

i2 
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, (z^-bz + a) 

It remains now to determine dx in terms of z, for 
which purpose differentiating the equation 

a + bx — 2x% + z' 

m 

we have 

bdx = 2xd% + 9izdx + 2zdz, 

whence we deduce 

{b^2z)dx = 2(x-\'Z) dz, 

and substituting the value before obtained, 



we have, 



^+»= -— T , 



ib-^2z)dx=-^^^^^^dz. 



and therefore 

dx^^^^d^^dz. 

{b-2zy 
Thus having obtained the values of 
a:, dx^ and ^^a -f 6a: -ha?*, 
by substitution the original expression becomes, 

( "T-^y°' v- :-w 

which, being a rational function of z, may be integrated 
by former methods. 

2dly. Let us take the case 



F(x, y/aJrbX'-x')dx (47) 
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Here the same mode of proceeding as in the former 
case will not apply ; for if we should suppose 

'^a + bx — a^ = 0? + z, on squaring the two sides of this 
equation, the terms a?"* would not destroy each other, 
but we should have a term ^x^, and the value of x in 
terms of z would result irrational. . To treat this case, 
we must observe, that by the theory of equations the 
poljmomial a + fta: — a:* may always be resolved into 
real factors of the first degree ; 

Let a and jS be the roots of the equation 

x*^hx^a=^Q\ 

we shall have then, from the property of equations, 

x^ ^bx ^a =:{x ^ a) (x — iS), 

and, consequently, by changing the signs, 

a-^-bx —a:* = — (a? — a) (a: — /3) = (a? — a) (13 -^x) ; 

substituting this value in the radical, we will suppose 



\/(a: — a) (/3 — a:) = (a? — a)2 ; 

which being squared, gives us 

♦» (x-^a) (i8-a?) = (a?-a)V, 

and suppressing the common factor, we have 
whence we deduce 

X=z^—- , 

therefore, 

0-hOLZ' 

X — a = — a, 

a' + l 
and reducing to the same denominator, 

0—a 



X — a — 



2' + X' 

I3 
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which value being substituted on the second side of 
the equation above, we obtain 

^ ^^ ^ z' + l 

In regard to dx, we have only to differentiate the 
equation to obtain its value in terms of %, and we shall 
have 

(a» + 1)' 

Hence, making these several substitutions, the original 
form becomes 

which may be integrated as a rational function of z. 
VI. Expressions of the form 

F{ar\ {A -\-Bar)P {A ^Baf^y . . . )af^'dx . . . (49). 

Such an expression is rationalized by reducing the 
fractional indices to a common denominator, whMft we 
will call ky 

and let - = tj 
q k 

and A'^Baf'^z^; 

p p 
.'.(A-^Baf)9 = z^9=z'' 

.,ar ^- 

and differentiating, we have 

nB 
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whenoe the expression becomes 

^((^)><--)(^)---w 

which is a rational function of z. 

VII. Expressions of the form 

^ (^' (^w*)'' • • • • )^'^^ ^'^^ 

in which case the process is exactly the same as in 
the last. 

VIII. Expressions of the form 

ar.Fiaf',{A-\'Bar + Cx'*y\dx (52), 

writing af=zz, 

\ I m 

we have x = z* of* = « »' 

f 

\ and differentiating 

dx = - z^^dz 
n 

and ti^dx = - « * dz\ 

n 

whence, by substitution, the expression becomes 

1 m+x— A / \ 

-^z~^ \F {z, ^ A-vBz^ Cz^) dz (53), 

which is the form V. and can therefore be integrated 

for z. 

IX. The last form to be enumerated is 

oT" {A -{• Baf)^ dx (54): 

expressions of this form are called binomial different 
Hals, and it is only in some cases that they can be 
rationalized. 
But for an account of the investigation of them the 

I 4 
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reader must be referred to Dr. Lardner's Differential 
Calculus, p. 201, (from which the above enumeration 
of the forms of irrational functions is taken,) or to 
Boucharlat, p. 224. 



INTEGRATION OF DIFFERENTIALS WHOSE Ca 

EFFICIENTS INVOLVE TRANSCENDENTAL 

FUNCTIONS OF THE VARIABLE. 



The integration of expressions of this kind presents 
some difficulties, and has, in many cases, never yet 
been effected in finite terms. 

The process depends upon the application of certain 
formulae, peculiar to each sort of transcendental func- 
tion, united with the methods already explained. 

For the case of exponential functions^ or, 

la* .fx. dx, 

since we have 

dfff* = a' . log. adx^ 

we derive the form 

/(fdx=^- 
log. a 

This is the elementary integral of exponential func- 
tions ; and it is by the combination of this with the 
integration oifx^ that the complete integration is ef- 
fected. 

But to enter into this subject would be beyond the 
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plan of this treatise. The reader must refer to Lard- 
ner, p. 228, or Boucharlat, p. 240. 

Again; with respect to coefficients involving tri^ 
gonometrical functions^ a similar brief remark must 
here suffice. 

For the integration of these functions there are ele^ 
mentary integrals^ derived from the forms for the dif- 
ferentiation of each of them; by the combination of 
which with the other processes of integration many of 
these forms are integrated. See Lardner, p. 235 : or 
Boucharlat, p. 235. 

But in aU cases of transcendental Junctions, we 
may obtain an approximate integration by series, ac- 
cording to a method about to be explained. 



INTEGRATION BY SERIES. 



After the foregoing imperfect sketch of the methods 
of integrating the various forms of differential expres- 
sions, it will here be the proper place to describe briefly 
the general methods of series. 

We have already seen that when any expression can 
be resolved into a finite series of terms, each of which 
is a simple differential, we obtain the integral by taking 
the sum of the separate integrals of the terms. This 
principle is of very general application, as we wiU now 
proceed to explain. 

In the expression Xdx let JT be a function of ^, 
which we can develope in the series, 

^0?* + jB^ + Ca?^ + {5S). 

Then we shall have / JTdfar, 
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oT^riAx'^dx -f Bx^dx + Cy^dx -f . . .^ 

by taking the sum of the integrals of each term^ or 
it = 

dfL^+:ff^+ .... (56). 

a + 1 iS + l ' 

In this solution it is however to be observed, that 
should any of the indices a, ^3, &c. be = — 1, the term 
so affected must be integrated by logarithms. 

By this method, then, whenever the series termi- 
nates, we have the exact value of the integral. If it do 
not terminate we have still, in all cases^ an analytical 
expression for the integral^ but it will depend upcm 
the circumstances of the case whether we can practi- 
cally apply it: that is, it will depend upon the ^m^ 
vergency of the series. 

This will be the case when the powers are in an 
ascending series, if x represent a quantity less than 
unity. 

If again the value of x be very great, and the powers 
descend or be negative, we shall also have an approxi- 
mation to the value of the integral. 

But in other cases we have no such approximation. 
Hence various methods have been sought and proposed 
for bringing such series into forms which will con- 
verge. 

We ynSi proceed to investigate one method which is 
very general, for obtaining an approximate value of 
integrals hy series. 

Let the expression to be integrated be Xdx^ and 
suppose 

fXdx^fx^C. 
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If by Taylor^s theorem we develope the value assumed 
hy^ when x becomes (x -f A), and take the difference 
or increment, the constant C being added to each ex- 
pression, vanishes in the subtraction. And the value 
of the increment is the part of the integral included 
between the limits of the particular values of the va- 
riable X and (x+ A,) which being arbitrary, may be called 
a and b. If then we take the integral^ + C, and also 
develope its value when x becomes x+h by Taylor's 
series^ we have the difference 

_dfx k dfx h' . 
dx 1^ dx' 1.2 

If now x = a and x + h=zb.'.h = b'^af and the successive 
differential coefficients have determinate values which 
we will represent by A, JS^ &c.; thus we have the 
value of the integrcd between the limits a, J, repre- 
sented by 

1 1.2 ^ ^ 

This series is the more convergent^ the smaller we take 
the interval b — a. 

If therefore a large interval i — a be divided into 
aDy number of small parts, as n parts, each = a, then 
for the int^al between the limits a and a+a, we 
have 

+ h .. .; 

1 1.2 

between a+a and a+2a 

B.a' 



A a, J3JX 

A^ -4. — ^- + 
1+ 1.2 



• • • . y 



between a+2a and a + 3a 



I 
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^. - + — ^T.- + 



M 1.2 



Continuing to n such series, and taking their sum^ they 
will compose the total value of the integral between a 
and d : or arranging by powers of a, we have the inte- 
gral = 



— - ^-oH" -olj "t" -ol- • • • "p-ol,|.j 



a 



1 •« 



&c. 



> 



1.2.3 
&c. 



(58). 



If we had taken a very small, we might neglect the 
powers above the first, or the integral would be ex- 
pressed by 

Aa'\-A^a-^A^a+ .... A^a . . . (59)- 

For some further speculations connected with the 
subject of these series, the reader is referred to Lacroix, 
p. 274, &c. 

This method is the invention of Euler. 



BERNOUILLrS SERIES. 



In the method of integrating by series just ex- 
plained, if we represent by JTdx a differential in which 
JT is any function of x, we have ^rst to reduce the 
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(kncHon represented hy X into the form of a series^ 
ind then to integrate. 
In the method now to be investigated, we have the 

idvantange of reducing the expression jXdx into a 

teries, without knowing the developement of X. 

In the form for integrating b/ parts, we have here 
K> substitute jr=«, a? = i?, and dx^dv, whence it be- 
:^mes 

fXdx^Xx-^TxdX (60). 

[n the last term we may write 

dX=: -7— dxy 
ax 

and this last term may be integrated by the* method 
of parts, by substituting 

« = -^ dv = xdx. 
dx 

dx^ 
whence, since xdx = — 

2 

we have dc = — and i? = - . 

2 2 

Substituting these values,, the formula gives 

J dx dx 2 ^ 2 \dx/ 

_dX ^1 f^^d^X 
dx ' 2 %J dx' 

Here again in the last term we may write 
** dx dx" 
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and to integrate that term we have to substitute 



1 



' 



da^ 



= u a^dx^dt 



and.*.t? = - ac?. 
3 

Hence by the same formula 

^ da* dx' ^ J \djfJ 

rflr* * 3 Sc/ daP 

the last term of which remains to be integrated in the 
same manner ; and so on successively. 

Thus making these successive substitutions in the 
original formula, it becomes 

Cxdx^Xx^^-^ Jl^-^ — &C. + C. .(61). 
•/ dx 1.2 dx^ 1.2.3 ^ ^ 

This series, which was the invention of John Ber- ! 
nouilli, corresponds in the Integral Calculus to Tay- 
lor's in the Differential. 



ON SUCCESSIVE INTEGRATION. 



From the process of successive differentiation it is 
evident, that if we have a differential coefficient of any 
order, as many successive integrations must be per- 
formed to arrive at the integral, or origiaal function 
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from which it was derived, as there are units in the 
exponent of its order ; and the same number of arbi- 
trary constants will be introduced. 

From the nature of successive differentiation it is 
evident, that 

this second quantity being one, which differentiated 
and divided by dx, gives the first. Again, 






daf ^ da^ 
which, on the same principle, 

= ^ '^ + Axy 
dor-' 

and again^ 

= ^ "^ + Bx-\- 

dar-^ 2 

whence^ in like manner. 



JJJ^ daf dxT^^ ^ ^^ 



Bx" A^ 
2 "*"2.3' 

and so on successively ; until we have 

fd^fx J. T^r Mx^ Lx^ . /^^x 
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In the brief and general account we have now given 
of the integral calculus^ we have confined ourselves to 
the case oi functions qfone variable. 

But there is a large and important class of expres- 
sions which require integration, involving ^^icft'on^ of 
two or more variables. 

The processes employed for thb purpose are of a 
complex nature, and in their principle are analogous to 
the method before explained of partial and total dif- 
ferentials. Into this extensive branch of the subject, 
however, we shall not attempt to enter. The reader 
is referred to Lardner, p. 260, Boucharlat, p. 269» or 
Lacroix, p. 319- 



Another important, extensive, and abstruse branch 
of the Calculus, is that which relates to differential 
equations: that is, equations involving two or more 
variables and their differential coefficients of any order. 
Such equations obviously take their rise from succes- 
sively differentiating a common equation between two 
variables : but the solution of them, or the investiga- 
tion of the integral equation from which they have 
been derived, is in general of considerable difficulty : 
and for the theory of it recourse must be had to the 
works already named. 



APPLICATIONS 

OF THE 

INTEGRAL CALCULUS. 



THE RECTIFICATION AND QUADRATURE 

OF CURVES. 



RECTIFICATION OF CURVES. 

To rectify a curve is to obtain a straight line equal 
in length to the arc of the curve. Now we found be- 
fore^ that the differential of the arc of a curve was ex- 
jpressedby 

ds = ^dot? + dy^. 

If^ therefore, y —fx be the equation of a given curve, 
we have only to find dy or dx^ and substitute its value 
in the above formula; which will then contain only 
one variable under the radical sign: then if the ex- 
pression be such as can be integrated, the curve is 
rectifiahley and we obtain 

s^f^dx'^d^^C (63). 

for the length of its arc. 
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The rectification of an arc of a spiral is effected 
on precisely the same principles: for we have (Diff. 
Calc. form 53) in this case 

dx = VifdS' + dr*) ; 

whence substituting for one of the variable^ as a func- 
tion of the other, 

z=/v(r'd(/ry + dr') + C. (64). 



4 

THE QUADRATURE OF CURVES. 



In any curve referred to rectangular coordinates, 
(fig. 19.) the curvilinear area is a function of the ab- i 
scissa and ordinate : and the ordinate being itself a 
function of the abscissa, the area is a function of the 
abscissa: and writing the values of the curvilinear 
areas corresponding to x, and to or + A, respectivelj^ 
s and s^f the latter may be developed as a function of 
x+h, OT we have, 

the area *, = ^ -f -=-A -f -^- h &c., 

ax air* 1.2 

and we shall have therefore the increment 

dx dx 2 

Also let the rectangle under the abscissa and ordi- 
nate, or 

j/Xz=iXfx=p, 
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and that under y(x-\-h) = {x+ h)fx =jpa, 
whence its increment, or p^ — j9 =/2c . h. 
Comparing these increments, we have 

cfo 1 d's h\ a ds cfsh,^ 

P^-P" fx.h " fx 

but passing to the limit *, — * = (lim.) J9, — J9. 
Hence when ^ = 0, the above ratio becomes 

0_,_ ds 



docfx* 

whence ds^fx.dx; and putting iov Jx its value, we 
shall have 

ds:=zydx. 

or s— fydx + C .... {^5). 

We have then to deduce the value of dx from the 
equation of the curve, substitute it in the formula, and 
then integrate. We might equally substitute for y^fx^ 
derived from the equation. We may in particular in- 
stances choose either method, according as the form 
resulting may be less complex. 

We have here supposed that the coordinates are 
rectangular. If that be not the case, and the angle of 
ordination = », we shall only have to modify the ex- 
pression in the following manner. 

The rectangular increment p^ =J9 will now become 
an oblique parallelogram contained by the sides y and h. 
If, therefore, upon the side y a perpendicular be drawn 
from the extremity of A, this perpendicular = A. sin. o^. 
Hence we have, 

^a— ^ = y . A.sin. w. 

We have, therefore, only to substitute this value in 

K 2 
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the denominator of the expression, and the result ar- 
rived at as before will be, 

s^ fydx sin. »+ C. .... (66). 

An integral such as pFocdo! may always represent the 

area of a curve whose equation is y=^fx. For this 
equation being given, if we substitute the value of y 

in the formula fydXf we shall have jfxdx for the area 

of that curve. It is on this account that when a pro- 
blem conducts us to the integrating a function of only 
one variable, the problem is said to be reduced to quad- 
ratures. 

According to what was observed before, the expres- 
sion fydx-^- C is a general or indefinite integral. But 

if we made the supposition that the int^al should 
vanish when ^ = «, it would be a particular or definite 
integral. 

To apply this to the quadrature of curves. 

In making the hypothesis of the integral being 
when 07 = a, we suppose that taking an abscissa = ^ir, 
(fig. 20, 21.) the area is comprised between the or- 
dinate at a, and the indefinite limit of the ordinate 
corresponding to x. A second limit will, in like man- 
ner, be fixed, if we give to j? a determinate value h ; 
and then the particular integral will give an expression 
for the area comprised between the ordinates at the 
given points a, h. 

In this case we are said to efiect the quadrature 
between the limits a and b. 
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« 

To find the area of a sector of a spiral included be- 
tween two radii and the curve. 

(Fig. 22.) Describing a circular arc through any 
point P with radius r, cutting off the increment k 
from any other radius, forming with the first the in- 
cremental angle %, we have the triangular increment, 

^ 2 

For the sector, or polar curvilinear area, we have, 

^ d6^ d6 1.^ 

Hence the ratio of the increments 

ds i ds a 

*a-* d6^ de 



P2 —P {r-^k)r sin. ^ {r-\-k)r sin. x 
^ 2 ~2 X 

But in the limit sin. x = x» and the triangular incre- 
ment = the curvilinear. 

Thus when A = 0, this ratio becomes 

ds 

.'.ds = , 

2 

or s 



=/-^ («T). 



2 

k3 
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DETERMINATION OF THE SURFACES AND 
CONTENTS OF SOLIDS OF REVOLUTION. 



THE SURFACE OF A SOLID OF REVOLUTION. 

If a curve, (fig. 19.) IjHlng in one plane, revolve about 
the axis X, it will generate a solid of revolution. We 
will now investigate the expression for the differential 
of the surface of the solid which is thus generated. 

For this purpose, taking 

y=fx, 

then the ordinates y and y^ describing, in the course of 
their revolution, unequal circles, these circles will be the 
bases of a truncated cone, of which the chord % Tijill be 
the side; and the expression for the surface of this 
truncated cone will be 

circy + circy, ^ ^^^^ 

2 

or, representing by v the ratio of the diameter to the 
circumference, 

2y ' y + 2^ ^ chord z = v{y +y,)chord z ; 
2 

whence, putting for the ordinates y, y,, their analytical 
values, we shall have 



surface of cone z 
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surface of truncated cone z, 

and dividing by chord z, 

chords \ ^ dw dx" 1.2 / 

If now we represent by 9 the arc of the curve, and by 
u the surface generated by that arc ; since^ on dimin- 
ishing hf the arc tends to coincide with the chord, the 
first side of the preceding equation must be replaced in 
the case of the limit, by the ratio of the increment of 
the curvilinear surface to that of the arc of the curve : 
hence, when A = 0, we have 

incr*. u Q du c^ 
mcr. s as 

whence du = S^ds; and putting for ds its value, 
we shall have^ lastly, 

du = Zvy^dx^ + dy\ 
or u =:/SflFyV(da^ + dy^) + C . (68). 



THE CONTENT, OR CUBATURE OF A SOLID 

OF REVOLUTION. 



Let V be the volume of the solid generated by the 
revolution of the curvilinear area s, (fig. 19.)? about the 
axis jr. 

K 4 
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If the abscissa x becomes x + h, this vohiine will be 
augmented by the part generated by the revolution of 
the trapezium s^, included by the two ordinates, the in- 
crement hy and the portion of the curve intercepted, 
about the same axis ; and since the volume generated 
by the revolution of the area ^ is a function of a, the 
volume generated by the revolution of s-^g^ will be a 
function of ^ + ^^ and will be expressed by 

dv , d'v le 
dx dx'1.2 



whence, subtracting the volume s, we shall have the 
solid increment «,, 

_ _rf«?3L d'v h^ 
" dx dx" 1.2 

Now let p = the cylinder generated by the revolution 
of the rectangle xy and p^^ that by (x + Ti)y^ : then the 
increment, or the cylinder yjk wiU be 

p,^p:^it{j\x^hyf .h. 

Comparing these ratios, we have 

dv J d^v h^ 

-=- A + — + 

«?a-«? dx dx'1.2 



P-^P ''{A^^h)y .h 



dv d^v h 
_^ dx doc^ 1.2 

but in the limit «;, — i? = (lim.)jOa — jo : hence when h = 0, 
the ratio becomes, 

2-1- ^ 
O"" "" dx 
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hence we have 

or t? = fity^dx'\'C. . . . (69). 



188 APPLICATION OF INTEGRAL CALCULUS. 



APPLICATION OF THE INTEGRAL CALCULUS 
TO THE DEVELOPEMENT OF CERTAIN 

FUNCTIONS. 



I. Since we have 

dx 



loff. (a+x) = A = /da . 

° ^ a-\-x *< a + x 



By developing we obtain 



1 1 X x^ x^ ^ 

= -——+-:- — — +&C. ; 



a + x a a^ a? a* 
consequently, 

/^ = /-(l-£+f:-^+&c.W; 
J a^x J \a a" a? a^ / 

whence, by integrating each term separately, we shall 
obtain 

dx X a^ 

+ 
Or we shall have 



y'^dx X x* . x^ « , ^ 
a+x a 2a' 3a^ 



loff. (a + x) = - — — + — — &C. + C. 
^ ^ ^ a 2a' Sa' 

To determine the constant, we must observe that 
when a? = 0, this equation is reduced to log. a = 0+C; 
which value being substituted for C, the equation will 
become 

^ ^ ^ ^ a 2a' 3a^ 
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II. If we take the expression „ 

This differential being written thus, x dx, we 

have the devdopement 



1+0?^ 

and, therefore, 

dx a? , afi x"^ 

+xi' 8 5 7 

which by circular arcs, is 



y"^ dx afi . x^ x\ . ^ 

l+x" 8 5 7 



tan.-'a?=a?-^+~-f!+&c + C. 

8 5 7 

When 0? = 0, the arc becomes 0, and we have there- 
fore C=0. 

If the tangent be greater than unity, the terms of 
this series will go on increasing, and we cannot there- 
fore give an approximate value of the arc ; in this case, 

1 . 
we shall obtain a converging series by putting a; = - in 

X 

the equation, which will change it into 

1 =i-i.+JL-i+&c. 



, , 1 if X* afi 

whence, multiplying the two terms of the side by x^, 
we shall have 



l-\-af a^ X* a^ 

and dividing by a:% we shall obtain 



I 
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1 1 1 1 1 « 



0:^ + 1 of Qd^ a^ a? 
consequently, 

Jl+SKi' J \oc^ x^ a^ a? / 

and, performing the integrations separately, 

tan~'a:= — h — — +&c. + C. 

X 3x^ 5x^ 

To determine the value of the constant, we must not 
put a? = 0, for then the terms of the second side of equa- 
tion wiU become infinite; but by making a; = 00, the 
expression tan'^o;* will become equal to the quadrant 

of the circle, and the equation becomes -- = 0+C; 

4 

whence we have 

tan. ^4? = -—- + --3— — . + &C. 



III. Let there be given 

We can develope (1— j?')"^ by the binomial theorem 
in the following manner: calculating first the coefii* 
cients of the developements of (1 — .r')"*, on the hypo- 
thesis of «»= — ^, by writing down in order 

_ w — 1 w — 2 w — 3 « 
vn. , , , &c., 

2 ' 3 4 

and changing m into — ^ in these expressions, when 
they will become 
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18 5 7. 

"a* "i* -6' "8' ^''' 

IS a 

and multiplying—- by — , that product by — -, and 

so on, we shall form the coefficients which are to be 
substituted in the place of A, JB, C, &c. in the equa- 
tion 

which will give 

1 ,1,13.1356 



= 1 +_a:» + -.-.x* -h-.-.-j:** + &c., 



^l^x" 2 2 4 2 4 6 

and by integrating the equation 



dx 



= (1 +-a?'+ iT^-h -^a^ + &ic.) dx. 



^l^af 2 2 4 2 46 

we shall find 

. _, 1 a?3 1 3 o:^ 1 3 5 j:' . « 

23 245 2467 

We put no constant^ because when x = the arc whose 
dgn is ^ vanishes. 

This formula will serve to determine an approximate 

1 

value of the circumference ; for by making j? = - , it is 

reduced to 

._,1 111 1.1311 13511, «^ 

sm. '- = - + ._ + _._._. — -.-.-- + &C.: 

2 2 2 3 23 2 4 5 2^ 2*4 6 7 2' 

but the sine whose value is - , is equal to half the side 

of a regular hexagon, and answers to the twelfth part 
of the circumference ; so that we shall have 
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circumf. 1111 1. 811 18511 . 

~12 2'^2'3*25+2*4*5'2<+2*4'6'7*2»'^ ' 

and consequently 

- ,„/l.lll 1811,13511^0 \ 
arcumf.==12l-+-.-.— +-.-.-.— +-.-.5.-.— ^+&c. I, 

V2 2 3 2*^2 4 5 2* 2 4 6 7 2* " 

taking the ten first terms of the series 

2+2-3-2^ ■'*'"•' 
we shall find for the sum 

0,52359877, 
and therefore 

\ circumference = 6 (0,52359877) = 3,14159262, ' 

a value which is correct to the last figure of the deci- 
mals. 



SUPPLEMENT 



TO THE 



ALGEBRAIC THEORY 



OF 



CURVES. 



B 



Jl he design of the ensuing Supplement is to 
render somewhat more complete the algebraic 
doctrine of Curves, particularly those? of the se- 
cond degree, as given in the former Treatise ; 
by supplying some omissions, and furnishing 
the student with several additional investiga- 
tions, easily deducible from the principles there 
laid down ; which lead to more general views 
of the properties of the Conic Sections ; and 
which will form a better preparative for the 
subsequent investigations of their other rela- 
tions by means of the Differential and Integral 
Calculus. 
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ADDENDA AND CORRIGENDA 



IN THE 



THEORY OF CURVES. 



P. 28. 1. 23. The two latter equations may be 
omitted ; we only want 

and in. applying the formula for transformation^ it must 
be recollected that we have here used the symbols x^ y 
for the oblique, and a?, y, for the rectangular coordi- 
nates. In the introduction they are used in the reverse 
sense. Hence the formula (Introd. 6.) which is 

y =d?a sin. xx^ ^y, sin. xy^^ 

becomes 

ya= —X sin. (f> +y sin. ^. 

P. 27. After line 3, add. 

Since W^^ now stiT,— a?,, which, by (art. 6.), since 
n = 0, becomes 

p. 28. 1. 6. It will be understood that these two 
values are those of x^^ x^, by taking half the sum of 
which, we obtain (in the next line) the value of x^. 

B 3 
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P. 33. 1. 10. The expression would be better written 

and that in 1. 12. should be 
and again, in 1. 17. 

P. 37. art. 29. It may be remarked that the form 
when D=zO and E = becomes Bxy=^ —1^, 

in which, when a: = y = so, or the axes to which the 
locus is referred, are the asymptotes. 

P. 42. 1. 31. The three first steps of the solution 
may be more clearly expressed thus : 

. sin.' fl= I (1 -e') a> - (1 -e") aV 
-2(1-^') aercos.fl-(l-e') r^cos.'fl, j- 

or, r' sin.'fl -f r* (1 — e^) cos.'fl + r . 2 (1 — e*) ae cos. fl 
= (l-^')(«"-a"e') 

r' (sin.'fl + cos.'fl — e^ cos.'fl) +r.2(l— e')ae cos. fl = 

/•' (1 — ^' cos.'fl) +r . 2 (1 -e') «^cos. fl 
= (l-^')(a»-a»^') 

2(l-e')a^cos.fl_(l-e')(a'-a'^) 



r* 



r'-f-r- 



1-^' cos."fl l-e" cos.'fl 



« 



P. 58. last line, read, '* or dividing by r*, transpose 
ing and extracting the root.'* 



A SUPPLEMENT 



TO THE 



THEORY OF CURVES: 

CONTAINING SEVERAL ADDITIONAL PROPERTIES AND 

INVESTIGATIONS. 



FIRST DEGREE. 



The following propositions are readily deduced from 
what is given in the body of the Treatise respecting 
lines of the first degree. 

(1.) Since from the general equation we have 

A sin. ly 

when the axes are rectangular^ and the line passes 
through the origin, we have 

sin. Ix = COS. ly ; 

whence -^ = tan . Ix. 
A 

(2.) To express the equation to a straight line which 
shaU pass through two given points. 

Retaining the notation of art. 8, the two points are 
determined by the coordinates 

B 4 
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the equation of the line to pass through x^ y^y is 

^(y-y3) + ^(^-^s)=o; 

and since this line is also to pass through x^ y,, the 
same equation must hold good when x and y have the 
particular values x^ and j^„ or we have 

^ (ya -3^3) + ^ (^a -^3) = <^ > 

hence by division these equations become 

^ y-Vi 
^ y^-y^ 

whence by subtracting we have 

y-yry^-y! 
or (^a-^3)(y-y3)-(^-^3) (ya-y3)=05 

which is the form required. 

(3.) The expression (art. 7.) for tan. Ik might be 
simplified, if we had assumed the equations to the two 
lines with the coefficients a^ a, each = 1 ; in which case 
the expression becomes 

. 7^ sin. »()8— A) 
tan. Ix = - — J- — .y^ ^/ 

1 + A)8 — (A + jS) COS. » 

(4). To express the equation to a straight line which 
forms a given angle with a given straight line. 

Let the equation of the given line be y + Ao? + c = 0, 

sought. . . y-h^a? + 7 = 0. 

Let the tan. of the given angle lx = m. 

Then, from the above formula, by multiplication. 
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m-^mb 13 ---m {h-\-0) cos. ci7 = sin. » (iS — A) 

m + mb j3 ^mb cos. <o — m^ cos. » = sin. » )3 »sin. » 6 

.'. (sin. (o + »iJ — «w cos. ») )8 = (sin. » — w» cos. ») J — w» 

(sin. » + «» (A —cos. »)))S = sin. » 6 — «» (1 + i cos. ») 

.•.)8 = A sin. »— w» (1 + A cos. ») 
sin. » + m (6 — cos. ») 

which value substituted in the equation gives the line 
required, since 7 = 0, by supposing it to pass through 
the origin, or may have any assumed value if it do not. 
(5.) Cor. If the lines are to be at right angles 

, , -, — (1+Acos. ») 
and we have i8 = — ^^ '. 

— COS. » 

(6.) If the axes are also rectangular 

.= -I. 
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SECOND DEGREE. 



PROPERTffiS OF THE TANGENT, SUBTANGENT, 

NORMAL, «M5. 

(1.) To find the equation to a tangent to a curve of 
the second degree at a given point in the curve. 

The coordinates of the given point being a?, y,, the 
equation to any straight line parsing through thai 
point is (Curves L 8.) 

y^y,=zm (a: -a?,). 
The general equation of the second degree being 

y^=px+qx*; ^ 

and this holding good for the point a?, y^, becomes 

if 2" =P^2 + 9^2"' 
Whence by subtraction 

or, (y-ya) (y+ya)=i> (^-^a)+s^(^-a?,) (X+X,). 

And since at any point in which the straight line meets 
the curve the coordinates of the line and curve are 
identical, we may for any such point substitute the 
value of y from the equation to the straight line : or 
the above expression becomes 

m(x'-x,) (y+y,)=j9(^-^,)+g^(a?-a?,) {x+x,); 

by which we get rid of the factor x—x^, and 

^ (y+ya)=i>+g^(a?+a:,). 

Whence m = -^ — f. q \ 

y+ya !/+!/' 
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The equation to the straight line with this value 
of m belongs to a line meeting the curve in the point 
^a ^39 &nd also in any other point x y. If this point 
unite with the former^ the two points of section merge 
in a point of contact, and the equation is that of a 
tangent : thus we have a? = or, y = y, 

2ya y, 

and the equation becomes 

This expression for m involving p and q, will of 
course assume a different form in each species of the 
curves. This consideration enables us to put the ex- 
pression into forms convenient for finding the value of 
the subtangent, &c. in each curve. 

1. In the parabola ^ = 0, and the equation becomes 

or, 2y, y - 2y,' =px ^px, ; 
substituting for y/ =px^f this becomes 

Z2/,f/=px-\-px,. 

At the point where the tangent meets the diameter we 
have in its equation y = ; hence in this case we have 
the corresponding value of a; = —or, 

or the subtangent = 2 the abscissa. 

2. In the central curves, substituting the values 



p=z — andg^ =— , 
^ a ^ a' 



we have. 
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w» = - 






Hence the equation becomes 

whence 

But from the equation, (^. ii. 24. c.) substituting the 
value of a^y/ = A' (flwr, + ^a') + b^cue^y 
we have a^yn^h^ (« +^a) x — b^ax^. 

At the point where the tangent meets the diameter, 
in its equation^ 

y = .'.0?= ' 



Whence the subtangent, or x + a 

_«a?a + (« + x,) x^_2ax^+x/ ^ 



« + ^a « H- ^a 

or the subtangent = Me rectangle of the ghscissce di- 
vided by the abscissa Jrom the centre. This ex- 
pression evidently includes that for the parabola where 

Hence is easily derived the following property. K 
t be the distance from the centre at which the tangent 
meets the diameter, we have 

or, substituting the value of x above, 

a{a'\-x^+a^^^ a" 
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or the distance from the centre to the tangent x dts^ 
tancejrom centre to ordinate = {semi-diam.y . 

(2.) If we had supposed the origin at the centre, we 
should have had the general equation to the tangent 
for the central curves. 

Whence a^y^y — a^y^ = h'x^x — A'o?/. 
And from the equation to the curve 

a^y^ = - J'a' + h'x^ ; 

whence the equation to the tangent becomes 

a^y^ + *'«' — *X' = i'^a-^ — ft'^/ ; 
or, a^y^ — li'xjc = — 6'«'. 

This form is sometimes used. 

(3.) From the formula above given, in lines of the 
first degree, for the equation of a perpendicular to a 
given line (7)^ since we have the equation to a tangent 
to a curve of the second degree. 

The equation to the normal is 

m 
and when y = 0, we have 

which is the value of the subnormal : whence, by the 
right angled triangle, we have the value of the nor- 
mal : 
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In the parabola, m = -£- .•.* = " ; 



also, » = ^/(J -f-^a')- 



In the ellipse and hyperbola, taking the origin at 
the centre, 



» = ^/{^^a'+ya*)- 

(4.) In the ellipse and hyperbola we have directly 
from the focal construction, if r and r, be the lines 
from any point to the two foci, (as in the Conic Sec- 
tions,) 



r^ + r 



a _L 



o lEll. 



(5.) If at that point y be an ordinate to the axis, 
aCy the excentricity, and the centre being the origin, 
we have in the right angled triangles 

r' = y»-|.(«^ — 0?)' 
r/ = y' + {ae + x)' 

= 2a (r, + r) 
'''(r^ + r)=z2ex 
and since (r, + r) = 2a 
subtracting, ±rz=a — ex 
and adding, r^ = a + eo?. 
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(6.) If * be the subnormal, we have the distance 
from the centre to the foot of the normal, or, 

a? + ^ = ir + «r— =a?(l + — I 

= 0^(1—1 + ^)=:e*a?. 

Hence writing h and h for the distances from the two 
foci to the foot of the normal 

. h _a—ex— ±r 
k a + eo? = r a * 

Thus the segments h k being as the sides r r,, by Euc. 
VI. 3. the normal bisects the angle r r,, or the ad- 
jacent exterior angle. 

And consequently the radii r r, form equal angles 
with the tangent. 



The following general properties of diameters may 
be easily obtained from the principles already laid 
down. 

(7.) To find the equation to a diameter of an ellipse 
or hyperbola which passes through a given point. 

Let the coordinates of the given point be x^ y,. 
Those of the centre (in the formula for a straight line 
through two given points) are ^3 = x^=:0. Hence 
that formula gives as the equation to this diameter 

Hence we may find the equation of the diameter g 
conjugate to this last, which we will call d. 
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From the Theory of Curves, {§. ii. 22.) we find, 
taking as the equation of the diameter^ g, 

that of d will be 2Apy - 2 Cax = ; 

but comparing this with its value deduced above, 

2^)3 = 0?, 2Ca = y,; 

B X C C h^ 

whence - = -^; but — = a = _, 

a y^A A a" 

.'.the equation to^ becomes 



(8.) To find the relation between the values of any 
two conjugate diameters, and those of the axes. 

Let a?a y, be the coordinates of the vertex of the 
semi-diameter d; then from the right angled triangle 
formed by the semi-diameter and the coordinates of 
its vertex, we have, 

or substituting the value of y^ from the equation of the 
ellipse referred to the centre 



d'^\{a'^x,')^x,' 



^vJ^-,x:\x: 



a 



=*.+x.-(i-^:) 



or since (Curves ii. 30.) — = 1 — ^% 



o' 



V 
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by substituting this value the equation becomes 

d^ = A* + e" 0?,*. 

But the equation of the semidiameter g conjugate to 
d, being, as we have just found, 

dividing each term by ab, we have 

o a 

But this is (as above) the form of the equation to a 
> - diameter, the coordinates of whose vertex are 

y, — ^3— J- 

Here again we have, therefore, 

which, substituting the value of y,% 

=«'-:r/-,*;r-«»+x.'(|;-l). 

or^ = a' — e"a?/: ..csP + §•' = «' + J'. 
In the hyperbola we have in the same manner 

£/» = *! (0?/ - a') +^a% 
a? 

which, as above, we find 



=-■•(> +s)-*-' 



and since here — = ^* — 1, this becomes 

a' 

In like manner, for the conjugate diameter, (since 
the expressions for the coordinates of its vertex were 
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not deduced, in the former case^ an any aasomptum as 
to its being a point in the curve, and may therefore 
apply to the coi\jugate diameters of the hjrperbola,) 
we have, 



=-«'+^-<l+l) 



Hence subtracting, we deduce, 

or the sum in the ellipse and the difference in the 
hyperbola^ of any two cof^ugate diameters is equal to 
the sum or difference of the axes. 



SS=5! 



(9.) Hence we may also deduce that the sum in the 
ellipse, or the difference in the hjrperbola, of the 
squares of the coordinates y of the vertices of the con- 
jugate diameters, is equal to the square of the semi- 
conjugate axis: and the sum or difference of the 
squares of the coordinates Xy is equal to the square of 
the semiaxis. 

For we have from the last article, 

y, ±ya -, 7* 

and from the equation to the curves, 

± a^y^ = A'a* - *X'- 

Co 
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Also ire have d^ ±g', or 

and adding or subtracting the last equation, 

0?/ ± x^ = a\ 



(10.) Let the angle at which the diameter d meets 
the axis 5=^, and that at which g meets it s=tf/. 

Then from their respective equations (7) taking the 
coefficients of x in each, according to first degree, (1) 
we have 

tan. = ^ tan. tf/=: — \ 

whence tan. d> . tan. 1^ = —. 

a* 

But this being = ^ is + in the hyperbola and — in the 
ellipse. 

Or the tangents of 4> and jp have the same sign in 
the hyperbola, but different in the ellipse ; that is, the 
angles lie in the same quadrant in the hyperbola^ 
and in adjacent quadrants in the ellipse. 

If we have tan. ^ . tan. tp = 1, 

1 

then tan. ^ac =cot. if/, 

tan. if/ « 

or <^ = — tf/. Hence also A = «. 

4 

Thus the ellipse becomes a circle, and any conjugate 
diameters are at right angles. 

The hyperbola becomes equilateral, and any two 
conjugate diameters form equal angles with the two 
axes and with the asymptote. 

c 2 
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(11.) From the polar equation to the ellipse and hy- 
perbola referred to the centre, (Curves, ii. 34.) we may 
deduce that diameters which form equal angles with 
the aa^is, are equal : since r in this case is any semi- 
diameter ; and if in two values of r, cos. is the same, 
these values are equal. 

The same polar equation also shews the maximum 
and minimum of the diameters. In the ellipse r is a 
maximum when the denominator (1— e* cos.* 6) is a 
minimum ; that is, when cos. is a maximum, or when 

= 0, r is a minimum when = -. 

4 

In the hyperbola the equation becomes 



r = a^/\ ) 

^e" COS.* — 1/ 



1 

when COS.* 0= — , r = oo , or becomes the asymptote. 

\ 

if COS.* < — , r is impossible. 

if COS.* > — , r is real. 

e* 

when COS.* = 1, or = 0, r is at its minimum. 

From the first of these cases it follows, that since a 
negative value of r corresponding to the same angle 
on the other side of the axis would also be infinite, the 
asymptotes form equal angles with the axis. 

Also, since in the case of the asymptote, we have 

1 

COS.* = — , 

e' 
and, consequently, e* = --—- > 
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and, since e* -^ 1 = --, 

. - 1 —COS.* 9 sin,' 6 ^ 
COS.* COS.* 9 

or, tan. *=-. 

a 

(12.) In the ellipse, if two conjugate diameters are 
equal, they form equal angles with the axis, by (11.) 
Hence = tf', and the expression, (10) becomes 

tan.* ^= 

a" 

.•.tan.0 = - 
a 

tan. tf/rr 

a 

or the equations of the equal conjugate diameters will 
be, 

a 

or they will coincide with diagonals of the rectangle 
described on the axes. 

If an hyperbola have the same axes, we before found 
that the inclination of the asymptote was expressed by 
the same equation. Hence the equal conjugate diame^ 
ters of an ellipse coincide with the a^mptotes of an 
hyperbola on the same axes. 

(13.) In general <^ and ^ being the angles at which 
any conjugate diameters meet the axis, (<^ + tf') is the 
angle at which they are inclined to each other. Hence 
we have, by trigonometry, 

c 3 
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X ij. ix tan. + tan. if/ 
tan. (0-i-tf/) = i-I 1— 

1 —tan. 0.tan. tp 

In this expression since by (10) tan. ^ . tan. 1^= a con- 
stant value, the denominator is constant, and the value 
of the expression is a minimum when the numerator is 
so ; but in the ellipse tan. <^ and tan. if/ have different 
signs. Hence the numerator becomes tan. ^ — tan. if/, 
which is evidently a minimum when tan. ^ = tan. if/ ; 
Or that pair of conjugate diameters which form 
equal angles with the axis, and which consequently by 
(11) are equal, form the least angle with each other. 

In the hyperbola it is manifest from what was before 
shewn, that the case tan. = tan. if/ is that of the con- 
jugate diameters coinciding with each other, and con- 
sequently with the asymptote. 



(14.) In the Parabola we before found the equation 
to a tangent at the point ^r^ ^a, to be 

* 
and <t> being the angle at which the tangent noeets the 

axis, (and which is also the angle at which the diamet^ 

through x^ y^ meets its ordinates,) 

tan. (hzsJB^ 

which may be written 

• sin. ^_ p 
cos. <!> Sy, 
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whence^ %, sin. ^ sjp cos ^ 

and squaring, 4^^* sin.* <^ =^' cos." ^, 

Substituting, 4pa?, sin.' tp —p" (1 — sin.' ^). 

Dividingbyi>'l/^^jX.^ 
and transposing j V^ / 

.-.sin." ^ = — £— . 

If r, be the focal distance of the point a?, y, and jp,, 
the parameter belonging to that point, we have 

And from the construction of the curve by the di- 
rectriX) 

^a = ^a +-, 

4 

whence, p^ = Atr, + J9, 

and substituting this value in the former equation^ we 

have 

8in.»^:s=£ 

With any other point, when the parameter is ^3, we 
should have in Uke manner, 

sin.'0.=£ 

whence, . ' ^ =-^^ 

sm.' 0j jOa 

or in the parabola the parameters of any diameters are 
inversely as the squares of the sines of their angles of 
ordination. 



c 4 
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(15.) The following property is only a particular 
case of that which is shewn generally in curves of the 
nth degree. Sect. V. 11. but on account of its peculiar 
importance in connection with the properties of the 
curves of the second degree as deduced from the cone, 
it may be proper here to give it. It will be seen to in- 
clude all the general properties investigated in Dr. Ro- 
bertson's Conic Sections, as well as those cases given in 
the first part of the Elements of Curves. 

The general equation of the second degree, if y = 0, 
is reduced to 

This corresponds to the intersection of the locus with 
the axis Y. 

Hence a?"+-^= -_, 

which we may write «r' + 2cx = d, 

and solving the equation, a; = — c + Vc? + c'. 

The two values of a? belong to two points of inter- 
section, and these values multiplied together give 



c^-d-\'C^ 
or, writing the two values a, «,, 

In like manner, if in the general equation x is =0, 
we have two values of y corresponding to intersections 
with the a^ds JT, and by a similar notation. 
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Hence the ratio of these products, or 

or is a constant ratio : being that of the coefficients of 
^, y^ in the original equation. 

In the form for transformation it is evident, that in 
the most general case we have to substitute for x and y 
expressions involving x^ and y, with new coefficients : 
that is, the values of the coefficients of x^^ and y,' in the 
equation will be different from those in the former. 

When, however, the new axes are parallel to the 
former^ we have only to substitute a?, + x^ and y, + y^, 
in which case the coefficients of x^^ and y,' will remain 
unaltered. 

If therefore we now suppose the same locus referred 
to axes jparallel to the former, and still intersecting 
them in points corresponding to two values 

we shall by precisely the same process have the ratio 

or in the same constant ratio as before. 

Since the axes in each case may be considered as 
any straight lines intersecting the curve, and meeting 
each other paraUel respectively to any other two se- 
cants, we have the general property that the rectangles 
under the segments of the two first are always pro- 
portionals to the rectangles under the segments of the 
two last secants. 
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(16.) The properties here given of lines of the se^ 
cond degree, combined with those investigated in the 
body of the tract on the theory of curves, will be suffi- 
cient to enable the student to form a complete system 
of the properties of the Conic Sections grounded upon 
these algebraical principles. To assist in making such 
deductions we will subjoin a brief synopsis of the seve- 
ral fundamental principles here established, and the 
order in which the differential properties follow from 
them. 

1. The equation of the curves as referred to any 
diameter. Hence follow 

The properties of rectangular diameters, and the 
formation of the curves in the cone. 

Two curves of the same kind, on the same axis, with 
the same vertex, have their ordinates through the same 
point in a given ratio. >g^ 

Hence the construction of the ellipse by the tram-^ 
mel. 

2. The value of the subtangent. 

Hence the semi-diameter a mean proportional to the 
segments. 

Whence in the hyperbola the properties of conju- 
gate ordinates, [C. S. I. i. 39] ; but these are of no 
importance. Hence also (C. S. I. i. 44.) the (semi- 
diam.)' = rectangle of the segments of the parallel, or 
vertical tangents. The use of this property will, how- 
ever, be superseded. 

3. The focal construction of the curves and their 
polar equations. 

Hence, sum or difference of focal lines =8 axis. And 
focal lines form equal angles with the tangent. 

These properties may be deduced either geometri- 
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cally, or by means of the normal^ {as in this supple- 
ment). 

In the parabola. 

The bisection of the angle follows, either as in the 
Conic Sections, or from the subtangent. 

The normal and subnormal, &;c. either geometri- 
cally, or as in the supplement. Whence all the re- 
maining properties follow directly. C. S. I. ii. (1—11.) 

In the central curves the properties of the focal per- 
pendiculars, normal, &c. follow directly. (21 — 27)- 

The subsequent articles may be deduced either as in 
the Conic Sections, by the help of the property p. 44.], 
or by this supplement ; having established the property, 

a'±b'=zd'±g' (34), 

we deduce 

fl?» = r.r, [29], 

and thence [30—33]. 

Art. (38.) follows from the equation of the curve 
and (29). 

Art. (39), or the ratio ^ = determining ratio, is in- 
cluded in the polar equation : from whence also in all 
the curves follows the property, that the semi-latus 
rectum is an harmonic mean between the segments of 
any chord through the focus. 

This is given in C. S. Part II. ii. 

It may perhaps be an assistance to the student to 
have this deduction given algebraically, and in a form 
somewhat more perspicuous. 

1. The quantities a, 6, c, are said to be in harmoni- 
cal progression, if we have 

a _a--h 
c h-'C ' 



«8 SUPPLEMENT TO CURVES. 

Hence aJ— ac = ac— ic; 

and dividing by abc 

c h b a 

.1+1=1+1=?. 

c a h h h 

In the polar equation of the second degree, if r r, be 
two values of r, lying in the same straight line on 
opposite sides of the focus, they correspond to the geo- 
metrical description of the segments of any chord 
through the focus ; and these forming angles in alter- 
nate quadrants, the signs of the cosines will be differ- 
ent : thus the sum of their reciprocals will be 

1 1 _1 -f ^ COS. fl+1— ^ COS. fl_ 2 



r r, ^p \p 

Consequently, by what was premised respeclfhg har- 
monic progression, the quantities r, ^py and r,, are in 
such a progression. 

We have also made use of the polar equation refer- 
ring to the centre to trace some general properties of 
the diameters, &c. which are not investigated in the 
Conic Sections. 
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NTH DEGREE. 



PARABOLA AND HYPERBOLA OF ALL 
DEGREES. 

The statement respecting the infinite branches of 
the nth parabolae and hyperbolae, (Sect. V. 8.) may re- 
quire this preliminary observation. ■ -. ■■ 

If in the general form y"=/wr m and it hfp'botb 
even numbers, it is evident that they are bQth*d^Vi^Ue 
by S, or some multiple of 2, until at least o^qf t&em 
result an odd number : ' and the indices miM; ^tbus 
reduced, in order that the equation' ma^3xr.ib ite'^l^est 
term^ so-.as to give it in its real dimensions ;' tl)€i^^x 
of thg constant being immaterial. ■- ; * . i- 1^'; 

It Js therefore supposed Hint the equatfon it 't^ii^Tt- 

duced before we apply the consideratioifl. .fa A!Hfi 8. 

, ThusJ the several cases -(whicli apply eithai? Jd ^'or 

— m)^jnay be more generally and perspicuoudy wt^eS, 

' • as follows : . ■ . . '*.♦*■ .v '• 



The fc^q^ng remarks on these curves may also be 
added.-'. 
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1. In the general equation 

If we have +«w=w, by extracting the root on both 
sides we deduce 

X 

or the parabola becomes a straight line. 
If we have — 1» = », in the same way 

X 

or the equation is that of the common hyperbola. 

2. In general we have for the hyperbolae, 

X 

y" = ^ and r.y=^ 

^=p and .■..=£; 

If m>n and therefore la fortiori) - >- a?** in- 

creases fastej* than y^. 

Henc^ from the above values of y we deduce, that 
whfin rn> w, y varies more rapidly than x^ or the curve 
approaches more rapidly towards the asymptote X 
thqn towards Y. And the reverse will be the case if 
m<n. The common hyperbola approaches both asymp- 
totes equally. 
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